GENERALIZED SUMS OF LINEAR ORDERS

ALVARO DIAZ RAMOS, GARRETT ERVIN, AND SAHARON SHELAH

ABSTRACT. We study generalized sums of linear orders. These are binary operations that, given
linear orders A and B, return an order A @ B that can be decomposed as an isomorphic copy of A
interleaved with a copy of B. We show that there is a rich array of associative sums different from
the usual sum + and its dual. The simplest of these sums arise from what we call sum-generating
classes of linear orders. These classes determine canonical decompositions of every linear order into
left and right halves. We study the structural and algebraic properties of these classes along with
the sums they generate.

We then turn our attention to commutative sums on various subclasses of the linear orders. For
this, we introduce the notion of a complicated class of linear orders and show that over such classes
sums can be constructed in a very flexible way. Using this construction, we prove the existence of
associative sums lacking the structural properties of the usual sum. Along the way, we characterize
the associative and commutative sums on the ordinals.
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1. INTRODUCTION

The usual sum A+ B of two linear orders A and B is obtained by concatenating A and B. This
operation resembles the disjoint union of sets in that A+ B can be partitioned (by cutting at the +
sign) into a suborder isomorphic to A and a suborder isomorphic to B. We call a binary operation
@ on the class of linear orders LO a sum if it shares this property with +, that is, if for every
A, B € LO, the order A® B can be written as a disjoint union A’ LI B’ of two suborders A’ and B’
such that A’ = A and B’ = B. In this paper, we are interested in studying such operations.

The usual sum also has the following properties:

(i.) (regularity) if A= X and B=Y,then A+ B=X+Y,
(ii.) (associativity) A+ (B+C)=(A+ B)+C.

Dual to the usual sum is the reverse operation +* defined by A +* B = B + A. Like the usual
sum, its dual is regular and associative.

While intuitively natural operations on linear orders, + and +* are not sums in the categorical
sense of being coproducts. In particular, these operations are not commutative: there are many
pairs of orders A, B for which A+ B 2% B + A, and hence also B +* A 2 A +* B. One might
ask whether + and +* have a natural intrinsic characterization among the sums on LO. More
concretely, we consider the following questions:

.) Are + and +* the only regular, associative sums on !
1.) A d +* the onl 1 iati LO?
(2.) If not, can + and +* be characterized among the regular, associative sums on LO?

The answer to (1.) turns out to be negative in a very strong sense, and one of our main goals
in this paper is to construct many regular and associative sums @& on LO and natural subclasses
of LO that differ from the usual sum and its dual.

We approach the construction of such sums in two different ways. In the first approach, we begin
by defining a global scheme on LO that decomposes every linear order into convex pieces. To sum
a given pair of orders A and B, each individual A-piece is summed with a corresponding B-piece
with one of + of +*, and the resulting orders are then concatenated to form A @® B. The regularity
and associativity of sums defined in this way will follow from certain canonical properties of the
decomposition scheme.

The simplest scheme is the one under which every linear order is decomposed into a single convex
piece (i.e., not decomposed at all). Sums @ defined relative to such a scheme have the property
that for every A and B, either A@ B= A+ Bor A® B = A+4* B. A natural question is whether
both possibilities can be realized by a single sum, that is, whether it can be that for certain pairs
of inputs A and B, @ returns their usual sum, and for others, their dual sum. It turns out that the
answer is negative: we show in Theorem that the only regular, associative such sums are +
and +*. Said another way, Theorem [3.27] shows that if @ is a regular, associative sum on LO such
that A ® B can always be decomposed into convex copies of A and B, then & is one of + and +*.
This can be viewed as an answer to question (2.) above.

On the other hand, there are decomposition schemes yielding novel sums under which every
order is decomposed into at most two convex pieces. Such schemes cut every linear order A “in
the middle,” that is, into an initial segment Aj; and corresponding final segment Ag, so that
A= Ap + Agr. We will focus on the case where the cut made is determined by what we call a
sum-generating class of linear orders; see Definition For a fixed sum-generating class C, an
associated decomposition scheme is defined by taking Ay, to be the longest initial segment of a given
order A that belongs to C, and Ar the remaining final segment. We then define a sum relative to
this scheme by setting

A® B :=(ApoBr)+ (Ag o Bg),

where o is chosen to be uniformly either + or +*, and likewise for ©.
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The defining properties of sum-generating classes ensure that sums defined in this way are regular
and associative. Conversely, we prove that if a two-piece decomposition scheme is determined by a
class of orders C in the above sense and generates a regular and associative sum, then C must be a
sum-generating class. See Theorem

Sum-generating classes and the decompositions they determine have interesting algebraic and
structural properties that we examine in Section In Section [4.1] we iterate the two-piece
construction to get sums determined by decompositions with many (even infinitely many) pieces.

Our second approach to constructing sums is inductive. Rather than depending on a global
structural decomposition theory like the sums that arise from sum-generating classes, this approach
depends instead on a non-structure property for the class of orders over which the sum is being
defined. More precisely, we begin with a class K of linear orders of a fixed cardinality A with the
property that any two orders A, B € K can be summed together in the maximum possible number
of ways, i.e.

HXeK:X=AUB A ~AB =B} =|=2\
We call such K complicated classes. In Section [5.3] we show how to inductively construct sums &
on complicated classes K that are not only regular and associative, but commutative as well. We
call such sums good; see Section [, We show how this construction can be used to get good sums
on certain classes of non-scattered orders; see Example Example

In the course of our work we also investigate good sums over certain highly structured classes of
linear orders. In Section [4.I} we show how the Hessenberg sum on the ordinals arises by way of an
iterated sum-generating class construction. In Section [5.1] we investigate good sums of well-orders,
ultimately giving bounds on the possible sums of two ordinals; see Theorem [5.24] In Section [5.2]
we construct a good sum on the class of countable rational shuffles that is quite different from any
of the other sums considered in the paper.

The culmination of our work is Section [6] where we prove that there exist regular, associative
sums lacking the basic structural properties of the usual sum. To achieve this, we combine our
work on good sums on the ordinals, complicated classes, and filtrations of sum-generating classes.

2. CONVENTIONS AND PRELIMINARIES

A linear order is a pair (X, <) consisting of a set X and a strict total ordering < on X. We often
suppress mention of the ordering relation and denote (X, <) by X. To indicate that an ordering
relation < is an ordering on X, we sometimes write it as <x.

Given a linear order (X, <), its reverse is the order (X, <*), where the ordering <* is defined by
x <*yif and only if y < z, for all z,y € X. We also use the shorthand X* for this order.

A suborder of X is a subset Y C X equipped with the inherited ordering from X. We use the
terms interval and convex subset of X interchangeably to mean a suborder I C X such that for all
z,y,z € X, whenever z,y € I and z < z < y, then z € I.

An initial segment of X is a convex subset L of X with the property that if < y and y € L
then z € L. A subset R C X is a final segment of X if X \ R is an initial segment; equivalently, if
whenever x > y and y € R, then € R.

An embedding from a linear order X to a linear order Y is a map f: X — Y such that z < y
implies f(x) < f(y) for all z,y € X. We also call embeddings order-preserving maps. Embeddings
are automatically injective. A convexr embedding is an embedding f : X — Y such that f[X] is
convex in Y. An isomorphism is a surjective embedding. We write f : X = Y to indicate that f
is an isomorphism from X to Y.

We write X <Y if there is an embedding from X to Y, X <. Y if there is a convex embedding
from X to Y, and X 2 Y if there is an isomorphism from X to Y. We write X =Y if X XY
and Y =< X, and in this case say that X and Y are equimorphic. Equimorphic orders need not be
isomorphic in general.
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An order type is an isomorphism class of linear orders. Though throughout the paper we will
work with orders as opposed to order types, we are often interested in a given order X only up to
isomorphism, and we may occasionally conflate X with its order type.

LO denotes the class of all linear orders. We emphasize that the members of LO are specific
linear orders and not order types. We will study various operations on LO, and frequently (though
not always) these operations will be invariant under isomorphism, in the sense that isomorphic
inputs yield isomorphic outputs. Such operations can also be viewed as operations on order types.

A well-order is a linear order X such that every non-empty subset Y C X has a < x-least element.
An ordinal is a transitive set well-ordered by the set-membership relation €. We will assume that
the reader is familiar with ordinals and their basic properties. For ordinals « and (3, we use the
conventional notation o < 8 to mean a € f and a < 8 for a« < fV a = 5. For ordinals we have
a < g if and only if @ < 3, and a < § if and only if a < 8 and 8 L . We use Ord to denote the
class of ordinals, and Lim to denote the subclass of limit ordinals.

A sequence is a set {zg : B < a} indexed by an ordinal . The length of such a sequence is a.

As usual, we identify finite ordinals with natural numbers: 0 = (), 1 = {0}, 2 = {0, 1}, and so
on. We write w for the set of natural numbers {0, 1, ...}, which is also the least infinite ordinal. A
cardinal is an ordinal that is not in bijection with any smaller ordinal. For « an ordinal, we use
both N, and w, to denote the a-th infinite cardinal.

Suppose that X is a linear order, and for every x € X we fix a linear order A,. The ordered sum
Y,ex Ay is the set of ordered pairs {(z,a) : © € X,a € A,;} equipped with the ordering relation
< defined by lexicographic rule (z,a) < (y,b) if either x <x y, or x = y and a <4, b. Visually,
Yrex Ay is the linear order obtained by replacing each point x € X with a copy of A,. We will
also call an order of the form Y, xA; an X-sum.

If there is a linear order Y such that A, =Y for every x € X, then we denote the sum X, cxY
by X x Y and call this order the lexicographic product of X and Y.

If A and B are linear orders, the sum of A and B, denoted A + B, is the 2-sum X, c2A, where
Ag = A and A; = B. Visually, A + B is the order obtained by placing a copy of B to the right of
A. Up to isomorphism, A + B is the unique linear order with an initial segment isomorphic to A
whose corresponding final segment is isomorphic to B. We write +* for the dual operation, defined
by A+* B = B + A. Together, + and +* are the standard sums on LO.

Both the sum and its dual are associative in the sense that for all A, B,C' € LO we have

(A+B)+C = A+ (B+C0)
(A+*B)+*C = A+*(B+*C).

Moreover, these operations are sum-like, in the sense that for any orders A and B the sums A+ B
and A +* B can be decomposed into two suborders, one of which is isomorphic to A and the other
to B. In the following sections, we will study other associative and sum-like binary operations @
on LO and subclasses of LO.

Neither of the standard sums is commutative: there are many examples of orders A and B for
which A+ B % B+ A, and hence B+* A 2% A+* B (i.e., the operations + and +* do not coincide
up to isomorphism). We will also investigate the existence of associative and commutative sum-like
operations on subclasses of LO.

3. SUMS OF LINEAR ORDERS

In this section, we define the notion of a sum of linear orders (Definition [3.4]). Before giving
the definition, we provide some categorical motivation for it. We assume basic familiarity with
category-theoretic terminology, though this will only be needed for the motivating discussion of
this section, and will not be required for most of our later results.

Let Cro denote the category whose objects are the linear orders, with morphisms being the
strictly order-preserving maps.
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Remark 3.1. By trichotomy and the order-preserving condition, all morphisms in this category are
injective and are isomorphisms if they are onto.

Attempting to uncover properties of this category, a natural question to ask is whether any of
the standard categorical constructs manifest. For example, we could ask whether there is a natural
notion of “adding” two objects as given by the coproduct in other categories. Regretfully, this is
not the case.

Theorem 3.2. No pair of non-empty objects in Cro has coproducts.
To prove this theorem we rely on the following lemma. Let A, B be two non-empty linear orders.

Lemma 3.3. Any coproduct of A and B is isomorphic to A+ B (with its associated embeddings).

Proof. Given any two linear orders A, B, say A @ B is a coproduct of the two and A <£> A B,

A <£> A& B are the associated morphisms. Since A, B have morphisms into their usual sum A+ B,

by the universal property there exists a unique morphism A ® B BA A + B such that the following
diagram commutes:

A+ B

Where ¢, to are the usual embeddings.
Note that ¢ must be an isomorphism since for any € A+ B, either x € 11(A), so ¢(f1(t](2))) =
x; or x € 1(B), and ¢(fa(15 () = = O

Proof of[3.9 With ¢1, 12, 71, 72 being the usual inclusion mappings, by Lemma there must be
a morphism ¢ such that the following diagram commutes

A
71
1
¢
A+ B -« S B+ A
L2
T2
B

For any a € A, b € B, we must have

t1(a) < a(b)
therefore
7(a) = ¢(t1(a)) < ¢(e2(b)) = 72(b)
which is false. U
This theorem may also be proven by noticing that the proof of Lemma [3.3| can be carried out

verbatim by using the reverse sum ((A,B) — B + A), instead of the usual sum. This yields a
contradiction since the usual sum is not commutative in general.
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Despite showing that the traditional categorical notion of sum is not present in Crp, Lemma [3.3
points towards a viable generalization.

Consider all operations that may be substituted in for the usual sum in the proof of Lemma (3.3
These will be operations & such that for any linear orders A and B, we have associated embeddings

A<S Ae B, B> A® B,

whose images encompass all of A @ B. If we further assume that the images of these embeddings
are disjointﬂ we get the following alternative definition of a sum.

Definition 3.4. A sum @ on LO is a rule that given two linear orders A, B assigns a new linear
order A & B with associated morphisms

6A€BB 6AéBB

A2 s A®B,B—— A® B,

so that given any morphism 1 LA @ B, there is exactly one morphism 1 P Aor1 B , such

that respectively either
AGB
1 -2y 44 A B

P
or
LAGB
1-2sB-5 s A®B
P
commutes.

Remark 3.5. In order to remove any reference to non-categorical notions in this definition, we could
carry out this definition in the category of non-strict linear orders with non-decreasing maps as
morphism. In that case, the point order 1 can be identified as the final object in the category.

Remark 3.6. Part of the data of a sum is the associated morphisms eﬁ@B , eé@B , just like how part
of the data required to define a coproduct is its associated morphisms for any given instantiation
of it. One could say two sums @1, @9 are isomorphic for A, B just in case (A &1 B, ef‘@lB, eéeElB)

and (A®q B, eﬁ@ﬁ, eg@QB) are isomorphic in the category whose objects are diagrams of the form:

A B
C
With morphisms between two such diagrams with sinks at C; and C5 being morphisms ¢ €

Homg, ,(C1, C2) making the following diagram commute:

A

C1

fa

Cl‘

Cy

B
Ca
B

B

Co

IThis condition can be done without, leading to the definition of a collapsed sum. We will not consider such
operations in this paper.
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Formally, we say that @1 and @9 are isomorphic if they are isomorphic for all pairs of linear
orders. Unless otherwise stated though, we will call two sums isomorphic if their base orders always
are, without considering the associated embeddings.

We now provide a concrete characterization of sumﬂ

Proposition 3.7. Any sum @ is isomorphic to a sum whose base set is the disjoint union of the
orders being summed.

Proof. Let (A, <4), (B,<p) be two linear orders.
Define an order <* on AU B as follows, ¢ <* d if and only if one of the following holds:
(i) ¢,d € A and ¢ <4 d;
(ii) ¢,d € B and ¢ <p d;
(iii) c€ A, d € B, e4%8(c) < e5®B(d);
(iv) d € A, c € B, eg@B( ) < e4®B(a).
With the embeddings associated to this sum being the inclusion maps to the disjoint union.
Let AUB <% A@® B be such that for any c € AUBif c € A, p(c) = eﬁ@B( ), and if ¢ € B,
o(c) = e5®B(c). Given any c€ A® B, let 1 <. A @ B be the map that selects ¢. By definition of

the sum, we may assume without loss of generality that there is only one morphism 1 L4 A such
that eA@B(pA(O)) = p(0) = ¢, then ¢(pa(0)) = c. Hence, ¢ is onto.

To show that (A LU B, <*) is a linear order, we check the axioms: clearly <* is irreflexive since
<4, <p are. If a <* b, b <* ¢, then either a, b, ¢ are all in either A or B, in which case we’re done,
or we have six other cases to check, these are all analogous so we will only do one: if a,b € A, c € B,

then eﬁ@B( ) < eA@B(b) (since GQ@B is a morphism) and 6A®B(b) < 62@3( ), so by transitivity of
< efx@B( ) < eg@B( ), therefore a <* c.

Finally, for totality, say b £* a, if a,b are in the same base order we are immediately done.

Without loss of generality, assume a € A, b € B, then eﬁ@B (a) £ e AEBB (b), we need to show

that eA@B( ) # eg@B(b). Let 1 < A® B be the morphism such that p(O) = ﬁ@B(a), since the

ABB 6 p4, we can’t have 4,75 (a) = e3P (b),

or else 1 <2 B such that pp(0) = b would also satisfy p = eg@B o pp, but there is exactly one
AEBB( )z* AEBB( )

morphism 1 L4, A such that pA(0) = a satisfies p = e

morphism that will satisfy one of these conditions. Since we have shown that e
it follows that efn®?(b) <* e45(a), therefore b <* a.
That ¢ is a morphism is immediate since a <4 b and ¢ <p d imply that eA@B (a) < eA@B (b)

and eA@B (c) < e’g@B (d) (respectively). It is onto, therefore making it an isomorphism. By the
deﬁm‘mon of this isomorphism these sums are isomorphic for A and B. O

It remains to show that this definition of sum is not vacuous, and it is quite straightforward to
see that the usual and reverse sums (+ and +*) satisfy it.
There are other examples of sums, many of which are quite silly.

Example 3.8. Consider the operation

A®B— B+ A, if A={0}
A+ B, else

This is an example of a non-standard sum (i.e. a sum not isomorphic to the usual nor reverse
sum).

In order to consider more interesting sums, we isolate some reasonable properties of sums by
abstracting those of + and +*.

2An alternate characterization using colorings will be given at the end of this section.
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3.1. Some reasonable properties of sums. Two of the most reasonable properties of the stan-
dard sums are associativity and isomorphism-invariance.

Definition 3.9. A sum & is associative if, given orders A, B, C, we have

Ao (BaC)=Z(AeB)aC
Definition 3.10. A sum & is reqular if given linear orders A, A’, B, B’ such that A~ A’, B~ B/,
then A B2 A& B'.
As mentioned above, the standard sums are both regular and associative.

Example 3.11. The sum in Example is neither associative, nor regular.
We have:
{1}0Q={1} + Q% Q+ {0} = {0} & Q (not regular);
{0} ({0}2Q) = {0}®(Q+{0}) = Q+{0}+{0} 2% {0} +{0}+Q = ({0}®{0})®Q (not associative).
It’s dizzying to think about sums which aren’t regular, given that the usual sum is itself defined
up to isomorphism! If you don’t agree, try to define an associative sum which is not regular.

Example 3.12. We may tweak the previous sum to make a regular sum that is not associative.
Consider

ADB— B+ A ifA=1
A+ B, else

Example 3.13. A more reasonable example of a regular sum that is not associative is

AGB— n+ A+ B', if B=n+ B’ for some B’ with no least element and n € w
| A+ B, else

This fails to be associative since, for example, with A = Q,
(Adw)dn=n+ (A+w)ZA+w=Ad (wdn).

The problem here is that w absorbs n.

The initial goal of this paper was to prove a characterization for the standard sums, without
referencing their specific structure. Attempting to achieve this, we came up with a strengthening
of associativity called tracking points.

Definition 3.14. A sum & is said to track points if, given any three linear orders A, B, C, there
is an induced isomorphism such that the following diagram commutes:

A C

A®B A®B BoC BoC
X CV‘ K 6/

AGB)®C AG(BOC
54@3 ) B€B<C ) Bol

A@(BeC) (A B)aC

The usual and reverse sum are both examples of sums that track points. Sums which track
points are associative in a very strong sense.

Proposition 3.15. If & is a regular, associative sum that tracks points and, for all linear orders
A, A1 ZA+1 and 1d A= 1+ A, then @ is isomorphic to the usual sum. The analogous
characterization for the reverse sum holds if A1 =214+Aandl A=A+ 1.
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Proof. Consider A, B € LO, if B has a left endpoint, then B =1+ B’, so
ADB2Ao(1+B)2Ao(1eB)=2(A®1)eB =2 (A+1)® B =2 A+ B,

where the last step followed by point tracking since all elements of B’ must lie after the copy of
0 € 1 in the order A @ B (this requires a small diagram chase).

On the other hand, if B has no left endpoint, for any b € B, if By, = {x € B | z < b},
B>y = {z € B |z > b}, we have

A®B=A& (Bep+ Bxp) =A@ (Bep @ Bxp) = (A® Bap) @ B>y = (A® Boy) + By

So b lies after all elements of A in A® B but, since b was arbitrary, this means that all elements of
e PP (B) lie after e4P (A) in A® B, hence the embedding condition implies that AGB = A+B. [

Having proven this theorem, we were hopeful that a characterization of the standard sums as
the only regular, associative sums would be forthcoming. Point-tracking appears to be a pervasive
property of regular, associative sums, and so does the condition on point placement.

Neither of these assumptions hold in general, we will revisit point-tracking in [l For now we’ll
attempt to break the latter hypothesis. Without deviating too much from familiar structure, say
we want our sum to be as close to the usual sum as possible but with A ® 1 = 1 + A where does
that lead us?

Example 3.16. Define @q as
1+A+ DB, if B=1+ B’ for some B’
A+ B, else

This sum is regular, but not associative since, for example,

AEB()BZ{

QBow) @ 1=2+Q+w#1+Q+w=Q&o (wdol)

Just like in Example the problem here is that w can absorb a point during associativity.
We will attempt to mitigate this going further and treating w the same way we would treat a finite
ordinal in Example

Let

n+ A+ B, if B>~ n+ B’ for some B’ with no least element and n € w
A®1B=Cw+ A+ B if B~w+ B for some B’ with no least element
A+ B, else
But again, we get a failure of associativity by associating with a bigger ordinal which in turn
absorbs w (and any n):
Q1w wdrw=w+Q+w wZQ+w - w=Q&; (W w1 w)

Noticing the pattern here (no matter how big an ordinal 7 we shift to the left, we may always
get a counterexample of associativity by getting a bigger ordinal, like 7 - w, that absorbs it), we let

T+ A+ B, if B~ 1+ B’ for some B’ with no least element and 7 € Ord

A®y B =
@2 {A+B, else

Note that the condition that B’ has no least element is necessary to remove ambiguity.

It is straightforward to check that this non-standard sum is regular and associative using the
fact that final segments of ordinals are still ordinals, and that the ordinals are closed under usual
sums indexed by ordinals. Note that @9 also tracks points.
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From now on, we denote @9 as +,.

We continue abstracting away reasonable properties of the standard sums, now strengthening
regularity.

Definition 3.17. A sum @ is canonically regular if given orders A, A’, B, B’ with isomorphisms
¢: A Ay B B there is an induced isomorphism making the following diagram commute:

A < ¢ s A’

A®B B - P

€A J » B/
/f ~ eB/€B

AeB———— A B

The usual and reverse sums are both canonically regular, and in fact, so is +,, since well-orders
are preserved under isomorphism.
Examples of sums that are not canonically regular are more dynamic.

Example 3.18. Consider

A® B = (—00,0] + B+ (0,00), if A= R
A+ B, else

This sum is regular, but not canonically regular. Note that for any B, ¢ : R = R such that
x — x + 1 is an order automorphism, and the identity on B is as well. That said, the induced
map v : R® B — R & B is not even a morphism, since for any b € B, 0 < b in R @ B, but
7(0) =1 > 7(b) = b.

In a way, sums which are not canonically regular have to shuffle points in some obtrusive way.
It is natural to ask whether there are any regular, associative sums which are not canonical. This
will be answered in the positive in Section [6]

To conclude our discussion of basic properties, we codify how close a sum is to being standard.

Definition 3.19. Let ® be a sum, a linear order X is

(i) right-, left-standard (with respect to @) if for every order A, XA =2 X+ A, Ao X 2 A+ X
(respectively);
(i1) right*-, left*-standard (with respect to @) if for every order A, X®A = A+ X, AdX = X+A
(respectively);
(iii) standard if it is always either right-standard and left-standard, or right*-standard and left™*-
standard.

Proposition 3.20. If @ is regular and associative and 1 is (right-, left-, right*-, left*-) standard,
then every finite order is (right-, left-, right*-, left*-) standard .

Proof. By Proposition and looking at cardinalities, all sums agree with the usual sum on finite
orders up to isomorphism.

We will prove that all finite orders are right-standard, the proofs of the other cases are entirely
analogous. Let n be least such that A ®n 2 A+ n for some A. If n > 1, then A dn =
Adn—-1ea{n-1H) 2Aoh-1)o{n-1}2A+nm-1)d{n—-1} 2 A+n. But
this is a contradiction to the minimality of n, therefore n must be to 1 but, by assumption, 1 is
right-standard. O
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3.2. Semi-standard sums.

Definition 3.21. Say a sum & is semi-standard if given any orders A, B, their images eﬁ@B(A)
and 62693(3) are convex in A @ B.

Remark 3.22. Equivalently, & is semi-standard if given any linear orders A, B, either A B = A+ B
or A B B+ A.

We will characterize the regular, associative, semi-standard sums as the standard sums. To
achieve this, we introduce an essential result — the distinguishing lemma. The proof of this lemma
makes use of an important theorem due to Lindenbaum [6].

Theorem 3.23 (Fundamental Theorem). If X, Y are linear orders, X is isomorphic to an initial
segment of Y, and Y is isomorphic to a final segment of X, then X 2 Y.

This theorem can be seen as a version of the Schroder—Bernstein theorem applied to linear orders.
In fact, the bijection between X and Y furnished by the proof of the Schréoder—Bernstein theorem
will actually be an isomorphism of linear orders.

Lemma 3.24 (Distinguishing). Given any set of linear orders €, there exists a linear order X¢
such that for any (possibly empty) finite sums of elements of €, A, B, C, D, and any isomorphism
fiA+Xe+B = C+Xe+ D, f(Xe) =Xe, f(A) =C, f(B) = D. In fact, X¢ only depends on
the supremum of the cardinality of the elements of €.

Further, any non-empty, strict initial segment I of X¢ can be extended to a longer initial segment
isomorphic to it.

Proof. Say k = max{Rg,sup;c¢|L|}. Let X¢ be the suborder of (2%, <jex) consisting of the se-
quences which are not eventually constant. Note that Xy has no endpoints and is 2"-dense, since
between any two points there is an isomorphic copy of itself.

Say A, B are finite sums of elements of ¢ and f : A+ X¢ + B = C + X¢ + D is an isomorphism.
Since |A|,|B|,|C],|D| < k < 2%, if f(X¢)ND # ), we get a contradiction from |D| > | f(X¢)ND| =
|f(Xe)| = 27, since f(X¢)ND has to be isomorphic to an interval of X¢; similarly if f(X¢)NC # 0,
therefore f(X¢) = Xe.

Let I C X¢ be a non-empty, strict initial segment.

If r € 2<% note that I, = {a € X¢ | a | dom(r) = r} = X, via the isomorphism ¢ : X¢ — I,
such that g(a) = s”a. If L, R, are the segments of points less than and greater than all points in
I, then

Xe 2 L.+ 1, +R,.
By the Fundamental Theorem, I, + R, = X¢ = L, + 1.

Since (2", <lex) is complete, let o € 2% be the supremum of I. Let r,s € 2<% be such that
I, < a < I, this is always possible since o # (0,0,0,...),(1,1,1,...) given that I is non-empty
and strict. If M is the segment between I, and I,

XQgLr‘i‘Ir‘*’M"i‘Is"i‘Rs;
so by the above, X 2 X + M + X.
Iterating this identity, we get that
XL+ +M 1+ X 1 +My+Xo+M +X1+--+ R,

where for any i € Z, M; = M and X; = X. Further,if h: X = L4+ ---+ M_; + X_1 + My +
Xo+ My + X1+ -+ + R is such that the cut corresponding to « belongs to My. Consider the
automorphism

l: L+ 4+M 1+ X 1+ Mo+ Xo+ M+ X1+ +R = L+ +M_1+ X_1+Mo+Xo+ M1+ X1+ - +R
such that [ is the identity on both L and R, and for all i € Z, [(M;) = M;41 and [(X;) = X;41.
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Let I’ = (h"! oloh)(I). This is an initial segment isomorphic to I which is longer than it. [

Remark 3.25. In practice, the distinguishing lemma can be used like a global version of point-
tracking in settings where sums shuffle unobtrusively.

Any semi-standard sum with a small degree of consistency will in fact be fully standard. This
result will characterize the standard sums as the regular, associative and semi-standard sums.

Lemma 3.26. Suppose @ is a regular, associative, semi-standard sum with an order that is left-
standard (left*-standard), then @ is the usual (reverse) sum.

Proof. Say A is left-standard and B, C are arbitrary, consider € = P(A) U P(B) U P(C). If
W e {B,B&C},

Xe+W+A
Xed (WA XXep(W+ A) ’
e®( ) e®( ) {W+A+X¢

this must be congruent to

Xe+ W+ A,
W+ Xe+ A

So, both of these things must equal X¢ + W + A, thus, X¢ & W = X¢ + W. Using this we show
that B C = B+ C.

(XQ@W)@Ag(XQ@W)—i—A%{

Xe+ B+ C,
Xed(BeO)=2Xe+(BpO)=
¢ ®( ) = Xe +( ) {X¢+C+B
and,
Xe+B+C
Xe®dB)a(C=(Xe+B)d(C = ’
(Xe®B) & C = (Xe + B) { A
The only coherent case is the one in which both of these are isomorphic to X¢+ B+ C, therefore,
we have that B C = B+ C. O

Thus, in order to show that any regular, associative, semi-standard sum is isomorphic to the usual
or reverse sum, we can proceed by contradiction, using the fact that there must be non-standard
orders with respect to our sum.

Theorem 3.27. If © is a regular, associative, semi-standard sum, it is isomorphic to either the
usual or reverse sum.

Proof. Let X be a any non-empty order. Suppose toward a contradiction that & is not standard.
By Lemma there must be an order A such that

A X =A+ X2 X+ A
There must also be an order B such that
XeoB=B+X2X+B.
Let € =P(X)UP(A)UP(B). We claim that the following two identities hold:
Xe A2 Xe+A, Xed(A+X) 2 Xe+ A+ X.
Indeed, by associativity, we have

XQjEB(AEBX)%(XQEBA)@X.
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Since A@ X = A+ X, there are two possibilities for the sum on the left and four for the sum on
the right. For the left, X¢® (A® X) is either X¢+ A+ X or A+ X + X¢. In either case, X¢ appears
on one side of the sum. This eliminates two of the possibilities on the right where X appears in
the middle. The remaining possibilities for the right sum are X¢ + A+ X and X + A + Xo.

Now observe that of the four possible matches of the left sum to the right sum, the only non-
contradictory one is that both are X¢ + A+ X (we use that A+ X % X + A here). It follows
that

X@@(A+X)§X¢+A+X and X@@Aqu:—l—A,

as claimed.
By a similar argument, we can show that

BoXe=2Xe+B, (B+X)®oXe=Xe+B+X.
Now consider the sum
Xe PADX OB Xe.

The rest of the proof can be summarized as associate this sum in different ways until you reach
a contradiction. Here is one possible approach: consider,

Xe®(ABXDB) O Xe ™ (XeDADX) D (BD Xe).

For the sum on the left, we end up with a sum of one of the following forms:
Xe+()+Xe, Xed+Xe+(), ()+Xe+ Xe.
For the sum on the right, using our results above, we end up with a sum of the form:
Xe+ (1) + Xe+ (),

which yields a contradiction in every case.
O

Having achieved our initial goal of characterizing the standard sums, we now move on to in-
vestigating different ways of creating non-standard regular, associative sums, and their properties.
Ultimately, we will have acquired enough tools to show that none of the reasonable properties from
Section follow from regularity and associativity.

3.3. Product bi-colorings. To conclude our introduction, we give an alternate concrete charac-
terization of sums.

Given a sum @, define a rule Pg that takes in two linear orders and outputs a 2-coloring on their
product as follows, given A, B € LO, let Ps(A, B) = pagp : A X B — {0,1} be such that:

1, if 498 (a) < 5B (b)
0, else

pagp(a,b) = {

Call such a rule the associated product bi-coloring of the sum. In general:

Definition 3.28. A product bi-coloring is a rule P that takes in two linear orders and outputs a
2-coloring on their product, such that given A, B € LO, if P(A,B) =p: A x B — {0, 1}, then for
all a,a’ € A, b,V € B

(i) if b < V', then p(a,b) < p(a,bv);

(i) if @’ < a, then p(a,b) < p(d’,b).

Proposition 3.29. Given any product bi-coloring P, there is a sum ®p whose associated product
bi-coloring is P.
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Proof. Given two linear orders A, B, define <g, on the disjoint union AU DB by letting <g;,, respect
the ordering on A and B, and if a € A, b € B, let a <g, b if for p= P(A, B), p(a,b) =1, b <g, a
else. Let the embeddings be the disjoint union embeddings.

We prove this is a well-defined linear order. That it is a sum follows immediately since the
ordering on the base orders is preserved.

It is clearly irreflexive and connected. If three elements are in the same order, transitivity is
immediate as well. Say a,a’ € A, b,b' € B:

If  <g, a, a <g, b, then 1 = p(a,b) < p(a’,b) by condition (ii), therefore, p(a’,b) = 1 and
a' <@p b. The b <g, a’ <@, a case is completely analogous. If ' <g, b, b <g, a, then p(a’,b) =1
and p(a,b) = 0, so we can’t have a < d/, therefore ¢’ <g, a.

If b <g, a, a <g, V', then p(a,b) = 0, p(a,b’) = 1, so by condition (i), we can’t have v/ < b,
therefore b <g, V. Similarly, if b <g, V', b’ <g, a, then p(a,b’) = 0, hence p(a,b) = 0 as well, so
b <gp Q. O

4. SUM-GENERATING CLASSES

In this section, we begin by looking at regular, associative sums which emulate the structure
of +4. In Theorem [£.9] we will characterize these sums as those resulting from so-called sum-
generating classes. In Section .1 we will show how to use filtrations of sum-generating classes to
obtain sums with similar properties to the Hessenberg sum. These classes will be of independent
interest due to their algebraic properties, which we will consider in Section [4.2

Example 4.1. Say a linear order B is initially dense if any initial segment of it embeds a dense
suborder. The sum

By + A+ B', if B~ By + B’ for some B’ initially dense and By scattered

A+, B=
B {A + B, else
is regular and associative by the same argument that +,, is.

Further, we could also separate initial segments from both summands and combine them in
different ways.

Example 4.2. Consider the regular, associative sum & such that
A®B = a+B+A+B', if A~ a+A', B~ B+B for a, the longest well-ordered initial segments.

Another variation on the theme of +,, comes as follows. Let # be the Hessenberg sum on the
well-orderdd

Example 4.3. Given linear orders A, B so that A,B = v+ A’,7 + B’ for A’, B’ with no least
element and v, 7 € Ord,

A+, B=1#y+ A + B

is a regular, associative sum.

Classes like the well-orders and scattered orders, which yield sums by separating longest initial
segments, are very versatile, allowing for a variety of different sums to be built from them. In this
section, we will characterize such classes of orders.

We begin by characterizing classes of orders C that give rise to sums such as +; and +,,, that
is, regular associative sums of the form

3For a detailed introduction to this operation, refer to Section
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B+ A+ B, if B+ B’ for the longest 8 € C

1 A B =
(1) e {A—I—B, else

Remark 4.4. Note that part of what it means for a sum of this form to well-defined is that every
linear order B must have a (possibly empty) longest initial segment in C.

The following definition will provide our characterization.

Definition 4.5. A class C of linear orders is left sum-generating (a left SGC') if the following hold:

(i) C is closed under isomorphism;
(i) A+ B € C implies that B € C;
(iif) if Aq € Cfor all a < 3, then }°, 5 Aq €C.

There is, of course, an analogous definition to the right.

Definition 4.6. A class C of linear orders is right sum-generating (a right SGC) if the following
hold:

(i) C is closed under isomorphism;
(i) A+ B € C implies that A € C;

(iii) if Ay € C for all a < 3, then > Ay €C.

a<p*

Remark 4.7. Given a left SGC C, there exists a complementary right SGC C* defined by A € C*
iff no non-empty initial segment of A is in C. Likewise, we may define the complement operation
on right SGCs by using final segments instead.

For any SGC C, the complement behaves as expected, (C+)+ = C. Consider the case that C is left
sum-generating, then A € (C1)* iff A has no non-empty final segment in C* iff every non-empty
final segment of A has a non-empty initial segment in C. Using closure under ordinal sums and
final segments, we get that A € C iff A € (Ct)*. The case for right SGCs is entirely analogous.

We could have also given an equivalent definition of SGCs which will be useful for the proof of
the main characterization.

Proposition 4.8. If C satisfies conditions (i) and (ii) from Deﬁm’tion the following are equiv-
alent:

(1) C is a left SGC;

(2) (i) forany A,BeC, A+ BeC;

(ii) of Ag =X Ay < ... is any sequence of elements of C of arbitrary length such that for any
of the embeddings gog tAg — Ag, gog(Aa) is an initial segment of Ag, then the direct
limit of this sequence is in C (closure under right limits).

The analogous equivalence holds for right SGCs with limits of final segments (closure under left
lz’mitsﬂ.
Proof. (=) For 2.(i), consider a sequence of length § = 2 using (iii) in Definition 2.(ii) follows
by induction on the length of the sequence of elements.

The base case is immediate. If the sequence is of length a + 1, then the limit is A, € C. If the
sequence is of length A € Lim — {0}, for any o < A define

Ba - Aa - U @%(Aﬁ)a
B<a

4Throughout this section we will focus on left sum-generating classes, the proofs and constructions are entirely
analogous for right SGCs.
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these orders are in C by condition (ii). Note that
lim A, = B,.
a<x @ Z ¢
a<A

(<) By induction. The base case is again immediate, and the successor step is covered by 2.(i)
with the inductive hypothesis. If A € Lim — 0, let the A/, be the sequence of partial sums

A=) Ay
B<a

with the embeddings just being inclusions. Take their limit, which will be the complete sum. [
Finally, we come to our characterization — the theorem that gives SGCs their name.

Theorem 4.9. The class C is left sum-generating iff ¢ is a regular, associative sum of the form
(1).

Proof. (=) First we show that @¢ is well-defined.
Given any linear order B, if B has no initial segment in C, we are done; otherwise, let

I ={p € P(B)| B is an initial segment of B, € C},

then by condition 2.(ii), the union of I is in C and is the largest initial segment of B in C. Formally,
let Ag € 8 be arbitrary and, inductively, given A,, let Ay, C Ayy1 € I (if such an element of
exists). At a limit stage A, let Ay = |J, .\ Aa. This yields a sequence A9 C A; C ... of the form
in 2.(ii) whose direct limit is (J I.

By condition (i), the sum is regular. This is easy to check, say f : B — C is an isomorphism,
then if we decompose B as f+ B’ and C as v+ C’, we claim f(3) = v. Clearly f(8) € C by
condition (i), thus f(8) C v, but f~1(y) € C and is also an initial segment, so f~1() C 3 therefore
v C f(B), hence also f(B') =C".

For associativity, say A~ a+ A, B2+ B, C~~vy+C"

(2) (A@cB)@c C=(B+a+A+B)ocC=y+p+a+ A+ B+
Also:
(3) Adc (BocC) = Adc(v+B+B +C)

Now, we have to verify that the longest initial segment of v + 8 + B’ + C’ is indeed ~ + 3.
v+ B € C, so the longest initial segment has to contain v + 3, say it is v+ 8 + 0p + 6¢, where 0p,
Oc are segments of B' and C’ (respectively) where both 65 and 6c are allowed to be the empty
order. Note that 6 must indeed be empty since by condition (ii), (v 4+ 8+ 0p) + ¢ € C implies
that fc € C. But we may apply condition (ii) again to (y+ ) + 0, to get that 05 € C, so it must
also empty.

Therefore (2) = (3).

(<) For this direction we’ll need some way to track where each segment of B goes in the sum.
We use the distinguishing lemma.

First we show (i) holds of C. Say S € C, 8=/, and let € = ({8} UP(3)) — {0} (where subsets
are ordered as suborders) to obtain X¢ as in Lemma By regularity, there is an isomorphism
f:Xe®cB = Xe®c B, and since X¢ ®e B = B+ X, X¢ De ' = e+ X¢ + 9, where ¢ is the longest
initial segment of 8’ in C and 3’ = ¢ + §. By the distinguishing lemma, f(§) = 0 and f(g) = f, so
3" = ¢ and we must have that 3’ € C in order for Xy ®¢ ' = ' + X¢.

2.(ii) follows by the well-definedness of G¢. Say Ay < Ay < ... is a sequence of elements of C of
the type described in 2.(ii), consider its direct limit A. Every A; is isomorphic to an initial segment
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of A, so there is a cofinal sequence of initial segments of A which are in C, thereby in order for ®¢
to be well-defined, we must have that A is itself in C.

2.(i) requires a little symbol shuffling.

Say o, B € C, let € = (P(a) UP(B)) — {0}.

a+ B+ Xe=(Xe®cB) Bea™=Xedc (BOca)=XeDc(a+B)=Ze+ Xe+0
Where €+ § = o+ 3 (e is the longest initial segment of a+ 3 in C). By the distinguishing lemma,
d=0Pand a+p=eceC,s0oa+peC by (i).
For (ii), say e+ 3 € C. Let € = (P(a) UP(B)) — {0} we want to show that 3 € C.
Assume « € C, then if 8 = 8 + ', where j is the longest initial segment of 3 in C,

a+B+Xe+8 2 (Xe®cB) PeaXeDe (BBca)=Xe®c (a+p)=a+p+ X¢
So, A/ =0 and B =B €C.

If a ¢ C, consider its longest initial segment in C, say o = a + /. By the above o/ + 3 € C, so
we can assume no initial segment of « is in C. Say § = 3+ ' is again any decomposition where
B € C but no initial segment of 8’ is in C, then

a+ B+ Xe = Xe®c ((a+B) @c B) =2 (Xe@®c (a+B)) G B = (Xe ®e (a+ B)+ 5

Tells us that since 8’ will stay to the right of X¢, we must have 8’ = (), therefore f = 8 € C, and
we are done. 0

Remark 4.10. An alternative sum to that given in (1) takes a right SGC C, and separates the right
summand’s longest final segment. The above characterization holds analogously.
Note that this sum would be the same as (1) with the left SGC C*.

The sum in (1) is called the simple sum generated by C.

Simple sums allow us to generate a variety of different non-standard sums. If L is any non-empty
linear order, let C = (L), be the left SGC generated by L. The simple sum generated by C will be
a non-standard regular, associative sum.

The standard sums are also examples of simple sums. The usual sum is the simple sum generated
by {0}, and the reverse sum is generated by LO.

Simple sums are extremely well-behaved, we will show that they are all canonically regular in
They will also track points under the normal embeddings. This follows immediately from the
definition of point-tracking, considering that

A@(B@C)gCL‘FBL—FA-FBR-FCRg(A@B)@C,

while A® B =B+ A+ Bg and B® C = Cp, + B+ Cg. The induced isomorphism will be the
composition of the two isomorphisms given above where each summand maps to their corresponding
sections in the result.

As mentioned previously, SGCs are quite flexible, in fact, they allow us to characterize sums of

the form in Example

Definition 4.11. Given a class of orders C, we say & is a sum on C, if it is well-defined within C
and can be extended to a (global) sumﬂ

Properties such as associativity and regularity carry over with their usual meanings in this
restricted setting.

Whenever we consider a regular sum & on C, we will assume that C is closed under isomorphism,
likewise, if & is associative on C, we will require that its outputs be in C.

5Given any sum on C, we may extend it to a global sum by letting it behave exactly the same as the usual sum
outside its domain. That said, this extension may not retain any of the restriction’s properties.
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Proposition 4.12. IfC is a left SGC and &' is a regular, associative sum on C, the sum & on LO
defined by

A®B=A; @ Br+ Ag + Bg,

where Ar, and By, are the longest initial segments of A and B that belong to C, is an associative
regqular sum.

The proof of this proposition is not difficult, especially considering the beginning of the proof of
Theorem [4£.90 We also obtain a converse.

Theorem 4.13. Suppose that C is a class of linear orders closed under isomorphism, such that

(1) every linear order A has a longest initial segment Ap, in C, and
(2) the sum @ from Proposition [{.19 with &' = + is associative.

Then the class C is a left SGC.

Proof. We need to show that C is closed under final segments, sums, and right limits. As mentioned
in Theorem condition (1) implies that it is closed under right limits.

For closure under sums, fix «, 5 € C and suppose toward a contradiction that « + 3 ¢ C. Let
¢ =P(a) UP(B), and let X¢ be as in the distinguishing lemma.

If there is a non-empty initial segment I of X¢ such that I € C, then the final conclusion of
the distinguishing lemma furnishes a find a cofinal sequence of initial segments of Xy that are
isomorphic to I. Since C is closed under right limits, it follows X¢ € C. Thus, either X¢ € C or no
non-empty initial segment of X belongs to C. We work through these cases in turn.

First, suppose X¢ € C. Since o, € C, we have a ® f = o+ . Since a + 3 ¢ C we have
a+ B = A+ B, where A is the maximal initial segment of a+ 3 belonging to C and B is non-empty.

On one hand we have

(@ B)®Xe=(a+ ) D Xe=A+ X¢ + B,
and on the other
ad(BoXe)=ad (B+ Xe) =a+ 8+ Xe.

By associativity we have A+ X¢+ B = a+ 8+ X¢, a contradiction by the distinguishing lemma.
Now, suppose no non-empty initial segment of X¢ belongs to C. Observe that by definition of &
we have X¢ @ a=a+ X¢ = a® X¢. In one instance of associativity

Xe@ (@@ p)=Xe®(a+B) =A+ Xe + B,
and in the other
Xe@Pa)@f=(a0Xe) DB=a® (B+ Xe) =a+ B+ Xe.

Again a contradiction by associativity. Thus C is closed under sums.

For closure under final segments, suppose a € C and a = a+a’. We wish to show o/ € C. Suppose
toward a contradiction this is false, so that o/ = A + B where A is the maximal initial segment of
o/ in C and B is non-empty. Since C is closed under sums we must have that B has no non-empty
initial segment B’ belonging to C. It follows by definition of & that (a+ A) ® B=a+ A+ B, i.e.
a=(a+A)eB.

Let € = P(«) and define X¢ as above. Again we work through the two possible cases.

Suppose first X € C. We have that

((d+A)€BB)€BX¢%a@X¢:a+X¢,

and also
(a+A)@(Bad Xe) =(a+ A) @ (Xe + B).
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Suppose X¢ + B decomposes as C' + D, where C is the maximal initial segment of X¢ 4+ B in C.
Since X¢ € C, X¢ is an initial segment of C'. Thus regardless of the decomposition of (& + A), X¢
appears as a non-final segment in the sum (& + A) @ (X¢ + B). Since we must have

a+ Xe 2 (a+ A) @ (Xe + B),

we get a contradiction as before.
Now suppose no initial segment of X¢ belongs to C, then

Xe®d((a+A)dB)=ZXeda=a+ Xe.
On the other hand, we have
(Xe@(@+A)eB=(Xed(a+A))+ B.

Thus, by associativity B appears as a non-empty final segment in o + X¢, again a contradiction.
Hence, C is closed under final segments, and we are done. O

4.1. Filtrations and sifted sums. So far, we shown how to construct two of the sums given at
the introduction to this section. How are we to make sense of +j, — the global extension of the
Hessenberg sum?

We get a partial answer from Proposition [£.12] but, in general, how do we construct sums on
sum-generating classes? Ideally, we would like to find some approach to defining sums like the
Hessenberg sum (#) by leveraging the structure of the SGC it is built on. To do this, we will use
filtrations of sum-generating classes.

Let --- C Cy C C; C Cp be a decreasing filtration of left sum-generating classes of possibly
unbounded ordinal length. Given some order L, let L/, be the longest initial segment of L in C, for
all @ € Ord. Let Lo = L), — L, and Co = {L, | L € LO}.

Letf

(4) A@B=< > AQ@QBQ>+AR+BR

a€eOrd*

where AR, B are the respective longest final segments in Cé‘, and for all a, the &, are sums.
Example 4.14. If for all a we let ®, = + and C, = (w®), the resulting global sum will be +.

In general, we call the process of constructing a sum of this sort sifting, and the sum in (4) is the
sifted sum generated by {(Cu, Pa)}}acord- This method will be essential when constructing global
sums that do not satisfy the reasonable properties of sums from so we will develop it more for
that purpose.

Consider orders A, B, C, if @ is as in (4),

(A®B)aC = (( > AaeaaBa> +AR+BR> @ C.
acOrd*
We would like to show this is isomorphic to

> (Z Aa@aBa> ©o Co | + Ap + Br + Chg,

acOrd* \aeOrd*

in other words, that ) 4 Ao ®a Ba € C. In which case, to prove associativity, we will just
need

SWhile adding over Ord™* is not possible, for any give order L, there will be an o € Ord such that for all 5 > «,
Lp =0. We take > 5,4« La to be shorthand for 3°, . Ls.
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(A@B)ﬁ = ( Z A, @aBa> :Aﬁ@ﬁBﬁ.
acOrd* i

We call a sifting scheme {(Cq, ®q)}acora whose associated sum satisfies all these properties,
effective.

In section 4, we will use sifting as a way to isolate cardinality in SGCs, in particular, from section
3 we will obtain a method of constructing sums at specific cardinalities, and we will require some
way to join all these different sums together. Given an SGC C, we will consider the decreasing
filtration

Cerd — {[, € C | L has no final segment of cardinality < R,}.

Further, we will be working with SGCs with similar structure to W. Consider an SGC C gen-
erated by a finite set S = {L1,..., Ly}, which is closed under non-empty final segments (up to
isomorphism) and whose elements all have the same cardinalityﬂ In this case, C will simply consist
of all ordinal-indexed sums of orders in S U {0}.

Applying the cardinality filtration, note that CACCY‘"d = {0} for all « such that |Li| > R,, and
will subsequently consist of sums of orders in S indexed by ordinals of cardinality R, with no final
segments of smaller cardinality. In this later case, non-empty elements of éfﬂrd will have cardinality
N,

Whether the scheme {(C5%?, @4)}acora is effective depends on the choice of sums @,.

Proposition 4.15. In the above setting, if the sums @, are sums on ég;l?“d, then {(CS?, ©o) Yacord
will be an effective filtration.

Proof. Without loss of generality, we only need to consider sums of orders in C. Say A, B € C, the
sum Y acords Aa Ba Ba € C will still be in C, since it is also an ordinal-indexed sum of elements in

By induction on f, if Rg < |L1], then

(A© B)s =0 = Ag @3 Bg.

If |L1| = Ng, then (A @ B)g will be the final segment of A @ B indexed by an ordinal smaller
than Ng, given that each @, remains within each ég”d, by definition this will just be Ag ©g Bg,
since Ag @3 Bg C (A @ B)gs, and equality holds since any final segment of Agy; ©g41 By has at
least cardinality NE, S0 it can not be an initial segment of an element of ég“rd.

If this holds for all § < f3, note that Ag @z Bs has to be a final segment of (A @ B)g, since it

~

cannot be in Cg‘fﬁi given that it has cardinality Ng. But, since Agy 1 ®g41 Bay1 € Cé‘j:’fl, it must be
all of (A ® B)g. O

4.2. Algebraic properties. It will prove fruitful to study SGCs for their own sake, as they turn
out to have interesting algebraic properties.

To motivate our investigation, let’s begin by questioning the definition of a left SGC itself. In
particular, condition (ii). Might it actually be the case that for every left SGC C, A+ B € C implies
that A, B € C?

Example 4.16. Consider C = {L € LO | L has no maximal element}. C is clearly closed under
isomorphism and satisfies condition (ii). No sum of linear orders without a right endpoint has a
right endpoint, therefore (iii) is also satisfied.

That said, for example, 1 + Q € C, even though 1 ¢ C.

Note that this class appears to be dual to the class of well-orders in the following sense: given
any linear order A, in order to find the decomposition A = Ay + Ag, where Ay, is the longest initial

7If one of the orders has a maximal element, then C = W.
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segment of A in C, we must find a final segment Apr such that every one of its initial segments has a
top point, in other words, such that every final segment of (Ar)* has a bottom point, which implies
that (Ag)* is well-ordered. Therefore, we must find the decomposition A* 2 o + A where « is the
longest initial segment isomorphic to an ordinal. o* = Ar and A* = Ay in this decomposition.

Let’s isolate this notion of duality.

Definition 4.17. Given a left SGC C, define its dual class C* to be the class of all orders L such
that L* has no initial segment in C.

Remark 4.18. If W is the class of well-orders, as shown above, we have
W* ={L € LO | L has no maximal element}.
Proposition 4.19. For any left SGC C, C* is also a left SGC.

Proof. Since C is closed under isomorphisms, C* is as well.

Say A+ B € C*, then (A+ B)* = B* + A* has no initial segment in C, so specifically, B* has no
initial segment in C, therefore B € C*. If A, B € C*, then since (A+ B)* = B* + A*, if (A+ B)*
had an initial segment in C, it would have to be of the form B* + A*, for A some non-empty
final segment of A, but then by (ii) we must have A* € C, a contradiction to A* having no initial
segments in C.

Given any increasing sequence Ag = Ay =< ... of elements of C*, let A be its direct limit. If A*
has some initial segment in C, then A* =2 A* + A*, where A* € C, but then for some o € Ord,
Af 22 A* 4 A% where A* = R*+ A* (ie. A= A+ A+R), s0 A* € C, a contradiction to A% € C*. [

Note that we never used the fact that C is closed under limits in this proof, we only needed
conditions (i), (ii) and 2.(i). Therefore, we only need a class satisfying conditions (i), (ii) and 2.(i)
for its dual to be left sum-generating.

But this phenomenon isn’t limited to the dual operation. Proving that C* is sum-generating
also only requires that C satisfy (i), (ii) and 2.(i).

Example 4.20. Let C = {4 | A= A"+ Q for some A’ € LO}.

C satisfies (i), (ii) and 2.(i), but fails to satisfy 2.(ii), since for example, we may consider the
sequence A, =axQ=Q+ .-+ Q for all @ € w;. This sequence is of the type in 2.(ii), and its
right limit is wy x Q, but this order has no final copy of Q, so it can’t be in C.

Despite this, C* is left sum-generating by Proposition 4.19

A € C* iff A* has no initial segment ending with an isomorphic copy of Q iff A does not convexly
embed Q. Independently of our proposition, it is easy to see that this class is indeed left sum-
generating (in fact, it is also right sum-generating). Note that this class differs from the one used
to generate + since, for example R € C*, even though the reals are not scattered.

Example 4.21. Consider S, the class of scattered orders. This is both a left and right SGC (in
fact, it is the intersection of all classes that are both left and right SGCs and contain 1E|) Notice
how * and * behave on S (as a left SGC):

e A c §* iff every non-empty final segment of A embeds Q, while
o A c St iff every non-empty initial segment of A embeds Q.

If we apply these operations, considering it a right SGC, this will flip. Further, note that while
S is both a left and right SGC, S* and S+ are only one of the two.

A unary inversion operator that is defined the same for all SGCs, regardless of whether they are
a left or right SGC is the inverse.

8This follows by applying Hausdorff’s characterization 13].
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Definition 4.22. Given a (left or right) SGC C, its inverse C~! is the (right or left) SGC all of
whose elements are the inverse of elements of

Remark 4.23. Note that for any SGC C, (C*)* =C~ L.

In the case of the scattered orders, we have S™! = S.
Given C an SGC, is it the case that C** = C? We certainly know this to be false if C satisfies (i),
(ii) and 2.(i), but not 2.(ii), since in that case C** will be sum-generating even though C is not.

Proposition 4.24. If C is right sum-generating, C** = C.

Proof. A € C** iff no initial segment of A* is in C* iff for every initial segment B* of A*, B** = B
has an initial segment in C iff every final segment B of A has an initial segment in C.

Let A € C**. We construct an increasing sequence of linear orders in C whose direct limit is A.
Treating A as a final segment of itself, let Ay be an initial segment of it that is in C. By induction,
if A, is not A, let B be a final segment of A such that A, + B = A, let Aqy1 = Ay + B, where
B is an initial segment of B in C. If X is a limit and we have constructed A, for all o < A, let
Ay be their direct limit. Since we do not allow count () as a linear order, this construction has to
eventually stop. A =lim A, € C.

If A €C, given any decomposition A = A+ A’, A’ € C, so A € C**. O

This proposition paired with the previous identity also gives us that ~! and - commute on any
SGC. In fact, all of *, + and ~! must commute, since it is easy to see that ~! also has to satisfy
cHt=c.

The above proof also shows that if C satisfies (i), (ii) and 2.(i), then C C C**. In fact, it will
be the smallest left sum-generating class containing C. This is easy to see by the first part of the
above proof, where for any A € C** we constructed a sequence of elements of C whose right limit is
A and since any left sum-generating class has to be closed under right limits.

The intersection of two sum-generating classes will also be a sum-generating class, denote the
intersection of A and B by A - B. That said, the union doesn’t need to be an SGC since it won’t
necessarily be closed under sums or right limits. What is the smallest sum-generating class that
contains any two sum-generating classes?

Note that we may add two sum generation classes in the obvious way: let A @® B be the smallest
class containing AU B that is closed under finite sums and isomorphism. This is clearly the smallest
class satisfying (i), (ii) and 2.(i) and containing both A and B. Let A+ B = (A & B)**, by our
remarks following Proposition [£.24] this is the smallest sum-generating class containing both A and
B. Any element of A+ B will be a well-ordered sum of orders of the form A + B or B + A, where
A € A and B € B. The definition A+ B = (A & B)** also works for right SGCs.

Further, 4+ and - are commutative, associative operations, and for any SGC C, they witness the
collection of all its sub-SGCs under C being a bounded lattice.

Using Boolean algebra notation, let 1 := LO, 0 := {0}.

Given any SGCs A, B, the following identities hold:

A1=A4 A.-0=0, A+0=A,and A+1=1.

Remark 4.25. Generally, * and ~!, do not behave as one would hope with respect to these operations.
For example W - W* is the class of well-orders isomorphic to a non-zero limit ordinal, while W and
W1 have different chirality. But even when this doesn’t constitute a problem, such as in the case
of the scattered orders, S-S '=S+S7 1 =8.

On the other hand, - comes closer to behaving nicely. If C is any SGC,

9f (A, <) is a linear order its inverse is the order (A, <%) such that a <} biff b <4 a.
Unlike * and *, the proof that ~* outputs an SGCs does require the input to satisfy all the conditions of an SGC.
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c-ct=o0, Coct=1.

The latter fact comes from the observation that any linear order may be decomposed into it
longest initial (or final) segment in C added to an element of C*.
In general, by definition C N C*+ = 0.

Despite what one might expect, these operations do not distribute over each other. While
A-B+A-CCA-(B+C)and A+ (B-C)C(A+B)-(A+C)

are immediate, we have counterexamples to the opposite inclusions.

If we let A = (1)* (the class of linear orders without a maximal element), B = (1) (the well-
orders), and C = (Q). Note that A-(B+C) = A-(1,Q) and A-B+A-C = (w,Q), but 24+Q € A-(1,Q)
even though it is not in (w, Q).

In the other case, let A =(Q), B=S, C= <W>H

A+ (B-C)=(Qw)£S=(A+B)- (A+C).

Therefore, we do not obtain a Boolean algebra on the SGCs with these operations.

That said, the inversion operation do behave nicely with the subclass of relation. Say A C B,
then B* C A* and B+ C A, while 47! C B~

Despite the algebraic similarity between the lattice sub-SGCs of an SGC and the lattice of
subspaces of a vector space, the former lattice is not modular. Consider A = (w), B = S and
C = (1)*. Even though, ACC and Z = w* +w € (A® B) - C, despite w* +w ¢ A (B-C).

To conclude our discussion of the lattice structure of sub-SGCs, we fully characterize this lattice
in the case of (1), illustrating an interesting algebraic fact about the class of well-orders as an SGC.

Definition 4.26. A sum-generating class C is principal if it is generated by a single elements (i.e.
there is an A € C such that (A) =C).

Theorem 4.27. Every sum-generating subclass C of W is principal. In fact, C is generated by an
additively indecomposable ordinal.

Proof. Let o € C be smallest ordinal in the class. By Cantor Normal Form, the right additive
indecomposability of AI ordinals (both proven in , and property (ii) of sum-generating classes,
a = w7 for some vy € Ord.

Note that for any 8 > v, w? € (o), since w? = w7 -w?®, which is the result of summing w” indexed
by w’, where § is such that v + 0 = 3 (see lemma 2.25 of [5]).

If € € C, then every w” in its CNF is greater than a since the w?® of smallest degree has to be in
C by one application of (ii). Hence we must have all of € in («) by closure under sums. O

Joke 4.28. Ord is a PID.

The lattice of sub-SGCs of (1) will be linearly ordered and consist of classes (w®). We have,
(w®) C (wP) iff B < . So, we have shown that this lattice is in fact isomorphic to (OrdU{oo}, <*).

10¢ is (up to order-type) the class of limit ordinals.
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(1) 0
lu Y
(w) 1
lu Y
(w?) 2
|u v
IS %
(€0) €0
lu Y
U ¥

Further, (w®) + (w?) = (W™(®A)) while (w®) - (W?) = (W™(F)) 5o these operations will be
distributive over the subclasses of the ordinals.

Another interesting example of a principal SGC is (1,Q) = (Q + 1). We can obtain 1 in (Q + 1)
by simply stripping it from Q + 1, and Q by taking a countable sum to get w x (Q + 1), which is a
countable, dense linear order without endpoints, therefore isomorphic to Q. This whole class won’t
have the same property as the well-orders, since it contains subclasses such as (w, Q) which are not
principa

Given that we care about sums of linear orders, let’s consider one more binary operation among
SGCs that will allow us to introduce an important concept.

Definition 4.29. Given two orders A and B, C is an instance of a sum of A and B if there is
some sum @ such that A @ B = C. Equivalently, C' is an instance of a sum of A and B if there are
disjoint suborders A’, B’ C C such that AUB' =C and A~ A", B~ B'.

Definition 4.30. Given two SGCs A, B of the same chirality, let their shuffle sum AH B be the
SGC of the same chirality consisting of all instances of sums of elements of A with elements of B.

Example 4.31. If a, § € Ord, (w*)B(w?) = (w™a(*A)) This follows by the fact that any instance
of a sum of two well-orders is again a well-order, paired with the bounds on instances of sums of
two ordinals given in Theorem

The shuffle sum may also yield quite unwieldy results, for example, (Q) B (Q) contains Q(1,2)
— the rationals, partitioned into two dense orders, one of which has every point replaced with 2.
We’ll talk more about such orders and how they may be obtained as instances of sums of Q with
itself in the next section.

We conclude this section by talking some more about the decomposition of orders generated by
il

Theorem 4.32 (Rigidity). Given a left SGC C, every linear order A has a unique decomposition
as A= A; + Ap with A;, € C and Ag € C*.

This decomposition is preserved under isomorphism: if f : A = B, then By = f(Ar) and
Br = f(Ag).

LT it were equal to some (A), then A = B 4 w since it must have a final segment isomorphic to an ordinal in
order to generate w (you can’t get well-orders by taking limits of something that is not well-ordered, the only way to
get a well-order is to strip it out, or take limits of well-orders), but it can’t be finite or else we could generate all the
ordinals ({1)), so it must be w itself. That said, w is not dense, therefore any limit of B + w won’t be either, so we
can’t generate Q.
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Proof. Existence is given by letting Ay, be the longest initial segment of A in C, and letting Ar be
the corresponding final segment.

If we prove uniqueness, we’ll immediately get preservation under isomorphism by the proof of
the forward direction of Theorem (4.9l

Say AL+AR >~ A A/L—FAQ%, where AIL € C, Ah e C*. Let g: A/L—i_A/R = AL+AR- g(A/L)ﬂAR
is a final segment of g(A) = A’ , therefore is in C, and it is also an initial segment of A, hence
must also be in Ct, so it must be empty. Similarly, g(A%) N Az must also be empty. Therefore,
g(A}) € A and g(A) C Ag, since the map is onto, these must be equalities. O

Corollary 4.33. Simple sums are canonically regular.

We call the decomposition A = Ay + Agr from the rigidity theorem the C-decomposition of A.
We also say that C determines the cut Ay, + Ag in A.

By uniqueness, given A € C and B € C*, the sum A + B is its own C-decomposition. In
particular, if neither A nor B are empty, such a sum belongs to neither C nor Ct. If A’ is a final
segment of A and B’ is an initial segment of B, then A’ € C and B’ € Ct, so that A’ 4+ B’ is also a
C-decomposition. In this sense, cuts determined by C are invariant under “zooming in” around the
cut.

Proposition 4.34. If A € C and B € C*, then B + A belongs to either C or C-.

Proof. Suppose not. Then the C-decomposition of a + = B + A for some non-empty o € C and
BeclCt, let f:a+ B B+ A witness this decomposition. We cannot have f(a) € C be an initial
segment of B € C*, so f(a) must contain B as an initial segment. This implies that f(8) € C* is
a final segment of A € C, which is a contradiction since f(3) # 0. O

Corollary 4.35. Suppose A and B are orders with C-decompositions A = A + Ar and B =
By, + Bpg respectively. Then the C-decomposition of A+ B is either (A, + Agr + Br) + Bgr or
AL —+ (AR =+ BL =+ BR).

Proof. By Proposition we have that either Ag + By, € C or Ar + Br, € C*. In the first case,
the C-decomposition of A+ B is (A, + Ar+ Br)+ Bpg, and in the second, Ar, +(Ar+Br+Bg). O

There is also an analogue of Proposition for direct limits of initial and final segments.

Proposition 4.36. Let C be a right SGC, then

(i) if A is a right limit of orders in C, then A belongs to either C or C*; dually,
(ii) if B is a left limit of orders in C*, then B belongs to either C or C*.

Proof. We consider the first case, the proof of the second is symmetric.

Say A = [Jycr Aa, where A, € C and if o < 3, then A, is an initial segment of Ag. Without
loss of generality, we may assume that A is a regular cardinal, it it is not, consider a sequence with
the same right limit of length cf(\).

Let A= Ap + Ag be its Ct-decomposition. If Ay, Ar # (), then for any large enough o, Ay, will
be a strict initial segment of A, therefore A;, € C, which is a contradiction to Ay, # 0. O

4.3. Commutativity of simple sums.
Definition 4.37. A sum @ is commutative if for any orders A, B,
A®B=BoA.

The next section will be entirely dedicated to commutativity, which is the last new algebraic
property we will consider. To underscore the novelty of this concept in our investigation, we prove
that no simple sum is commutative.

Theorem 4.38. If C is a left SGC, @¢ is not commutative.
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We have developed enough tools so as to have multiple ways to approach this theorem. In fact,
before reading our proof, we encourage the reader to attempt carrying out this proof however they
see fit.

A proof using the distinguishing lemma is quite efficient, but we opt for one that holds in any
subclass of LO closed under isomorphism and containing 1, w,w*,w + 1, and (w + 1)*.

Proof. Assume @¢ is commutative.
By the rigidity theorem, either 1 € C or 1 € C*+. Assume the former first. By closure under
ordinal sums w € C, so

WwH+1l1=1Fcw=2wdhel=14+w=w,
which is a contradiction. If 1 € C*t, then, similarly, w* € C, but

Whcl=w"+1Zw 2Zw+1)"=14+w" =Z1Gcw"

5. GOOD SUMS OF LINEAR ORDERS

Recall that our original theorem stating that the class of linear orders has no coproducts could
be proven using Lemma [3.3] by noting that, in general, the usual sum is not commutative. From
an algebraic perspective, the lack of existence of coproducts in LO can be seen as stemming from a
failure of commutativity in candidate coproducts (sums). Given that one of our initial motivations
was to generalize coproducts in the setting of linear orders, it would be natural to consider com-
mutative sums, the sums which, from an algebraic perspective, most resemble coproducts. Pairing
commutativity with our previous reasonable properties yields the following definition.

Definition 5.1. A sum on a class C of linear orders is said to be good on C if it is regular,
associative, and commutative on C.
We say that a class C' is good if there exists a good sum on C.

This section will be dedicated to studying good sums on different classes of orders. We will begin
by investigating and characterizing good sums on the ordinals and immediate extensions thereof
as an illustration of how good sums may be defined in highly structured contexts. We will then
begin discussing how good sums may be defined in non-structured settings, leading to the idea
of complicated classes, classes of orders within which there is maximal freedom to define sums.
Ultimately, in [6] we will demonstrate how this investigation of good sums on subclasses of LO can
be paired with our work on SGCs to show that the original properties of sums we considered in
are independent from regularity and associativity.

5.1. Good sums on the well-orders. We begin by showing that the class of well-orders is good.
Working up to order-type, we will refer to a well-order by the unique ordinal isomorphic to it.

An important property of the class of well-orders (also shared with the class of scattered orders)
is that it is closed under arbitrary instances of sums. This gives us a lot of freedom when defining
new sums, since we don’t have to worry about the possibility of leaving W when defining a sum.

In order to define our first good sum on the ordinals, we will need to develop the basic structure
theory of the class of ordinals. The most important piece of structure theory is Cantor’s normal
form theorem.

Theorem 5.2 (Cantor Normal Form [1]). Any non-zero ordinal o may be uniquely represented as

a=wP k4 WPk,
wheren > 1, a« > 1 > -+ > By, and for alli € {1,...,n}, 0 < k; < w.
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Remark 5.3. Cantor normal form is interesting from the order-theoretic point of view, since it
decomposes any well-order uniquely into additively indecomposable well-orders. As we will see in
this section, the normal form makes defining good sums on Ord much easier.

Definition 5.4. A linear order A is said to be additively indecomposable (Al) if whenever A =
B+ C, either A <X Bor A =<C (equivalently A= B or A=C).

These summands also satisfy a stronger notion of indecomposability.

Definition 5.5. A linear order A is strongly indecomposable if whenever A is an instance of a sum

of B and C, either A= B or A=C.

The following two propositions are well-known facts about the ordinals, for proofs see [7].
Firstly, recall that < coincides with <, and = with = on the class of ordinals.

Proposition 5.6. The following two statements are true for all o, 8 € Ord:

(i) a 2B iff a < B;
(i) a=piff a = 6.

We can also give a concrete characterizations of the Al ordinals.
Theorem 5.7. A non-zero ordinal o is Al iff it is of the form wP for some B € Ord.

It turns out that both notions of indecomposability coincide for the well-orders, so this proposi-
tion also characterizes the strongly indecomposable orders.

Proposition 5.8. A non-zero ordinal o is Al iff it is strongly indecomposable.

At the end of this section, we will show how a proof of this well known fact can be derived from
our bounds on instances of sums of two ordinals.

The decomposition into strongly indecomposable orders furnished by CNF accounts for a lot of
unexpectedly nice properties of the theory of sums on the ordinals.

For example, attempting to bound the number of non-isomorphic instances of a sum of two
infinite well-orders, a naive approach would yield that there are infinitely many possible orders.
Due to CNF, the number is actually finite.

Theorem 5.9. For any ordinals «, 3, there are (up to isomorphism) only finitely many instances
of a sum of a and (3.

This is not hard to show, but a nice bijective proof is given in theorem 1.38 of [8].

We will prove that W is a good class by making use to the Hessenberg sum. This is a commutative
sum on the ordinals first studied by Gerhard Hessenberg in 1906 [4], it is also called the natural
sum, a name warranted by pervasiveness in various settings.

Definition 5.10. Given any two ordinals «, 3, let their expanded out Cantor normal forms be

a=uwPl 4 ... f b

and

B:w'Yl_i_.___‘_w'Ym_

The Hessenberg sum of o and [ is the ordinal

a#ﬁ = w51 4+ .. _|_w‘5n-0-m7

where §; < -+ < dpqm is a non-decreasing enumeration of {81,...,Bn, Y1s- -+, Ym}-
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The Hessenberg sum is clearly a sum in our sense. Further, it is easily seen to be commutative
and associative, thereby good. While this definition is quite constructive, there is a more natural
way to define this sum (we will see more in the following sections).

Proposition 5.11. If a € Ord is an instance of a sum of 5,y € Ord, then a < B#~.

The intuition behind this folkloric result is that the Hessenberg sum provides us with the only
way to combine two ordinals without any absorption.
To prove it, we consider Carruth’s axioms for natural sums as given in [2]H

Definition 5.12. (Carruth) A binary operation @ : Ordx Ord — Ord is a natural ordinal operation
iff for any «, 8,7y € Ord

(1) ae =0

(2) (a®B)dy=ad (B®7);

3) ad0=0ow;

4 vda>yapiff a>p.

Remark 5.13. As Carruth points out, the Hessenberg sum is the unique natural ordinal operation
that satisfies the condition that for any ordinals o > 8 and m,n < w

W mtw n=w* mou®-n

Example 5.14. For a natural ordinal operation which isn’t a sum, consider the operation @ defined
by

a, if =0
adf=<8, ifa=0
aff#1, i a, B #0

While this satisfies all of Carruth’s axioms, it isn’t a sum since, for example, 1 & 1 = 3.

Theorem 5.15. Suppose @ is a natural ordinal operation. If v is an instance of a sum of two
ordinals a, 3, then v < a ® 5.

Proof. By induction on («, 3). The statement holds for a = 0 and any 8. The statement also holds
for § = 0 and any «. Suppose that it holds for all pairs (d,¢) such that 6 < « and ¢ < § and at
least one of these inequalities is strict. We show that it holds for («, ).

Let v = 74U~ be the witnesses to v being an instance of a sum of o and 3. Suppose v > a® 3,
and let tp(ya Na ® B) = v, and tp(ys Na @ B) = 75 (treating a & S as an initial segment of 7),
so that a @ 8 is an instance of a sum of 7, and vj. If either 7;, < a or 75 < 3 then by induction
we have a & 8 < v, © 7}, contradicting (4) in Definition Thus 7, = a and v = 8. But since
a @ f is strictly initial in v, either v/, embeds in strict initial segment of v, (which is isomorphic
to a) or 'y’ﬂ embeds in a strict initial segment of y3 (isomorphic to ), a contradiction in either
case. O

In the case that @ is the Hessenberg sum, this theorem gives us a proof of Proposition On
the other hand, since the Hessenberg sum is a sum in our sense, we also get:

Corollary 5.16. Let a, 8 be any ordinals, then for any natural ordinal operation &,
a#f <adp

Theorem thus also tells us that the Hessenberg sum is the unique sum which is a natural
ordinal operation. One may wonder whether it is possible to show that the Hessenberg sum is the

12Note that a sum in Carruth’s sense is just a binary operation on the ordinals; it need not be a sum in our sense.
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only good sum on Ord by making use of this result. Surely, if condition (4) of Deﬁnition holds
for all good sums this characterization would follow.

This is not the case, with there in fact being many different good sums on Ord. In fact, one of
the sums will yield the lower bound missing from Proposition [5.11

To motivate these new classes of sums we begin by asking: how many possible instances of a
sum are there for v = w® and § = w??

If @ = B, there are two. The first is the usual sum, where we obtain an order isomorphic to
w?® - 2. The second one being where we split up the orders into infinitely many pieces to get an
order A = w® U w® with <4 defined by

€ < (,or
e=Cand i<}

(6,4) < (¢, j) iff {

This order is isomorphic to 2 - w* = w®. Visually, we get any element of § and put it right after
the corresponding element of «y, interweaving v and § maximally.

On the other hand, if < a the only possibilities will be w® + w? and w®.

In general, if we have w® - k1 and w® - ko and if k; < ko, we may shuffle in w® - k; point-wise
into the initial segment of w® - ko isomorphic to w® - k1, to get a instance of a sum equal to w® - ko.
This is the most efficient way of adding these two elements. Otherwise, we can choose how much
to maximally shuffle in, leading to the conclusion that the only possible sums are w® - (kg + i), for
1< k1.

Using the absorption of ordinals of the form w® into themselves and CNF, we can define a new
good sum as follows.

Definition 5.17. If a =)' (wY-k;+kand 8 =) ;" | w¥ -m;+m where y1 > v2 > -+ > v, > 0,
define the lem sum of o and 3 by

n
& Fiem B = Zw% -max{k;,m;} + k+m
i=1
Remark 5.18. This sum is not a natural ordinal operation since it fails to satisfy condition (4) of
Definition There are two ways to see this:
- directly, by noting that w -3+ w -2 =w-3 =w- 3+ w, even though w -2 > w;
- or by using Corollary since, for example, w -3+ w2 =w -3 <w-5H=w-3H#w - 2.
That said, it is straightforward to prove that it is a good sum.

We may generate an infinite amount of non-isomorphic good sums on Ord by varying the def-
inition of +.,. For example, for any ordinal «, we may dictate that the sum @, act like the
Hessenberg sum everywhere (i.e. summing coefficients next to all w7s) except at some w® where
it should take the maximum of the coefficients. Implicitly, these sums are variations on the sifted
sum from Example [£.14] with each @, being either the usual sum, or a sum interleaving the two
orders.

These sums do not absorb as efficiently as we would like them to in order to get our lower bound.
In particular, given for example w?-2+w and w? -3+ w? we would like to have our sum dynamically
join the w3s in the most efficient way possible, i.e. how the lem sum does, while also absorbing w
into w? to yield w? - 3 + w?.

This is achieved by the following sum.

Definition 5.19. The dynamic sum of ordinals a = Y7 WY - k; and 8 = >7*, w% - I; (in CNF)
inductively:

(i) ax0=0%a = q;

(ii) If v4 > 41, then a* = f*xa = «;
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(ili) If y1 =01 # 0, then avx 8 = B v = W - max{kr, 11} + (Cgeicp W - ki % D gion W' - 1i).
Ifvi=01=0,let axf =k + (.

Proposition 5.20. * is a good sum on Ord.

Proof. That this operation is a sum follows by the previous description of infinite ordinal shuffles.

Commutativity can be shown inductively and follows by definition.

For associativity, given «, 8,d € Ord, if any one of them has a greater degree than the rest, then
the result will be that ordinal, no matter the arrangement of association. Next, look at the longest
continuous chain of w”s for which all the ordinals have non-zero coefficients and note that the result
of the whole sum will take the maximum of the coefficients in the three ordinals for each of these
elements, this is done associatively. Wherever the chain stops, the next elements in the CNF must
have disagreements of degree, so we simply consider the % sum of whichever two segments have
equal greatest degree, or take whichever segment has greatest degree. O

But this sum still won’t be minimal, for example, when adding o = w?-34+w-2 and 8 = w?-24w-4,
we are going to get avx 8 = w? -3+ w -4, even though we could have spared ourselves the w-4 at the
end by absorbing all of 3 into w? - 3 (this equals w? - 2 + w?, so we may combine the w? - 2s together
and place w - 4 before w? so that it gets absorbed). Incorporating this modification, yields the true
lower bounding sum.

Definition 5.21. If o, 8 € Ord, say a =w - &/ +nqy and f = w - ' + ng, define the min sum as

max{a, B}, if o/ # 3,

a+ng, else

a‘i‘mmﬁ:{

This is also another example of a good sum.
Proposition 5.22. +,,;, is a good sum on Ord.

Proof. It o/ # ', wlo.g. o <, and a + 8 = max{a, 8}. Otherwise, we may shuffle w - 3’ into
w - o and add the finite coefficients. This proves that +,,;, is a sum.

It is commutative by definition.

Say we want to add e > 8 > §. We have three ways to do so:

(Oé +min /8) +min 57 (a +min 5) +min 57 (6 +min 5) +min «
There are three important cases to consider for associativity:

(1) o > /', in which case the sum will be «;
(2) o = p' =4, then all three instances of association will equal a + ng + ng;
(3) o =B’ > ¢', where all the sums will be a + ng.

O
Remark 5.23. Observe that this sum behaves the same as the cardinal sum on the cardinal numbers.
We finally get the missing bound in Proposition |5.11
Theorem 5.24. Let v € Ord be an instance of a sum of a, 8 € Ord, then
Q& +min B <7 < aftB
Proof. The upper bound was Proposition [5.11
First,let « =w-a’' +nq, f =w- ' +ng and 0 = w-§ +ns be arbitrary ordinals. We show that

There are three cases to consider:
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(1) If o > B, then (a +min ) + 0 = a+ §; and either &' > ', so 8+ § = § and we have
equality, or ' < ', in which case either '+ ¢ > o’ so @ +pmin (B+0) =8+ < a+4, or
B +08 <a 80 atmin(B+0)=a,or B +06 =a s0oa+min(B+0) =a+ng+ns <a+d,
since if § < w, then & =0 and ' + ¢ = 8/ = o/, a contradiction.

(2) If o/ < B, then (@ +min B) + 0 = B+ = @ +min (B +9).

(3) If o/ = /3, then either 6 > w and ' + ¢’ > o/, so

(+minB)+o=a+ng+d=a+d=0+6=a+mn(B+9)
or § < w and
(@ +min B) +0 =a+ng+ns =a +min (B+0)
Using this inequality, we get that for any «, 8,7, € Ord

(O[ +min ,8)—{—’}/4-(5:((0[ +imin B)+7)+52((a+7) +min /8)+6Z(5+5) +min (a+’7)

Back to our original setup: since +y is an instance of a sum of « and (3, the following decomposition

’7:2(@5+65)7 Oz:Zag, BZZB&:

e<é e<d e<é
exists, where without loss of generality, we may assume that «g # 0.
By induction on v < §, we show that

Z(aa + /Ba) > Zaa +min Zﬁa

e<v e<v e<v

The base case is immediate. If it holds for ¢, then for v = ¢ + 1

Z(as + ﬁs) = Z(as + 5&) au + ﬁu Z Qe +min Z Bz—: O‘V + 51/) > Z Qe +min Z BE

e<v e<op e<op e<o e<v e<v

(using the inequality for the last step).
If v € Lim, then

D (e +52) —hmZ 0+ ) 2 lim( Zas Fmin 3 Be)

e<v e<¢
so this time we have to show that

Assume this is false, then we must have

hm v A = Va ,
ZO&E "‘mznZﬁg > hm Zas +min Zﬁe > { : < Za<¢ € Za< €

e<v e<v < hm¢<l/ Za<¢ e = Z£<u Be

But then, the left hand side can’t be the maximum of the summands, so by definition both
summands must be successor ordinals. But then we get a contradiction to the inductive hypothesis
since there is some ordinal 1 < v such that for all € > u both a. and S are 0. O

This result is quite remarkable: we are bounding things that may or may not be the result of
a reasonable (e.g. associative) sum with bounds which are not only sums, but associative and
commutative.

We conclude by using these bounds to prove the characterization of the strongly indecomposable
ordinals.
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Proof of Proposition[5.8 We need to show that for any v, w? is strongly indecomposable. The case
of v = 0 is immediate, so assume v > 0.

Say w? is an instance of a sum of a and 8. Without loss of generality, if w < w’ -m+--- =a <
B=wd n+..., then
w‘;-n+---:a+mmﬁgw'yga#ﬁ:w‘;-(m+n)+...,

so w? < w7, assume this is not equality, then
a#B=w’ - (n4+m)+-- <’ - (n+m+1) < <w < a#p,

a contradiction. So § = «, and w” < B by Proposition In fact, we must have w? = 3, or else
w7<6§a+min/8' 0

To conclude this section, we prove that an intuitive characterization of the Hessenberg sum based
on our previous discussion of how absorption can occur, fails. We do so by constructing a new sum.

Definition 5.25. Given some cardinal s, we say a sum @ on a class C' splits summands into < k
pieces if for any A, B € C', we may find associated sum embeddings ei@B and egGBB such that both
eﬁEBB (A) and eg@B (B) constitute < k-many disjoint convex pieces in A & B.

If kK = Ny, we say @ splits summands finitely.

The method of shuffling ordinals we used to define the lem sum and all its variants does not
split summands finitely. That said, the Hessenberg sum always splits summands finitely. Given
Carruth’s characterization of natural ordinal operations, and our discussion of shuffling, one may
expect it to be the unique natural sum that does so.

Example 5.26. Given ordinals a = "1 | wY-k; and 8 = >, w%-1; (in CNF), define @ inductively
by
(i) a®d0=0®a=q
(ii) If 4 > d1, then a® =D a = o
(iii) Ifvyy =0, thena®f=0a=w"- (k‘l + ll) + (22<i<nw%’ ki @ 22<i<nw5i . ll)
This sum is good and splits summands finitely, but is not a natural ordinal operation since, for
example, wd 1 =w P 2.

5.1.1. A good extension of the well-orders. To assuage any concerns that the ordinals may be special
or unique as a good class, we present a good extension of them.

Consider the class of all orders that do not embed Z. A concrete characterization of this class of
order-types is

WO +WO* ={a+p"|a,p € Ord}.
Let @ be your favorite good sum on the ordinals, define its extension, @, to all of WO + W O* as

* * = *~_1 *
(a1 + 67) @ (a2 + B5) = (1 Day) + (n1 +n2) + (B7°G By,
where o, o, 81, 85 € Lim, and for i € {1,2}, a; + 8] = o}, + n; + BI*.

Remark 5.27. Given any sum @, we may define a corresponding sum ©&~! by A@™! B = (B*@ A*)*.

If @ is an associative or commutative sum on the well-orders, @~ will also be an associative or
commutative sum on the reverse well-orders. In general, if @ is a global sum, @' will preserve its
properties.

Since @ is good, @ is also good given that no instance of a sum of two limit ordinals can be a
non-limit ordinal.
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5.2. Rational shuffles. The example of W as a good class relies on the structure theory of decom-
positions furnished by Cantor normal formEl We'd like to give one more example of a good class
with a concrete good sum, whose definition relies on a different piece of structure theory: Cantor’s
identification of the countable dense linear orders without endpoints.

Theorem 5.28. Any countable dense linear order without endpoints is isomorphic to Q.
Proof. By the famous back-and-forth construction. O
By a very similar argument we get a generalization due to Skolem.

Theorem 5.29. Fixz some k, 1 < k < w. Let X,Y be countable dense linear orders without
endpoints (two copies of Q). Fix a partition X = |J;_;, X; such that each X; is dense in X, and

similarly Y = U, Yi. There is an isomorphism f : X — Y such that f(X;) =Y; for every i < k.

To construct our class, start with some decomposition Q = (J,,c,, Q, where each Q,, is dense in
Q (for example, take all the rationals which, in irreducible form, have a denominator of the form
pﬁ_i_l, where p; is the i prime, and k € {1,2,...}).

For each n, fix some non—emptylﬂ order I, and let Q(I,) be the shuffle by I, i.e. the order
that substitutes each point in Q that is contained in Q,, with I,,. Let & be the class of all shuffles
by I,. Using Skolem’s theorem, we can show that the original dense partition does not affect the
order-type of these replacements.

In general, we want to let our good sum +g be such that

Q(In) +é Q(Jn) = Q(Im Jn)a
where Q(I,,, Jy,) is the shuffle by

I, if n=2m
Kn: .
Im, fn=2m+1

We need some way to, given an order, recognize that it is a member of S, further we need to
be able to recognize the orders I, that were used to create it. There is ambiguity as to how to
do this, since there may be multiple equivalent representations of the same order, for example,
Q(1) ZQ(Q) =Q(1,Q). To extract canonical representatives, we will need to avoid self-reference.

Recall that <. means embeds convexzly into. Whenever we write [{z,y}] or ({z,y}), we mean the

intervals from x to y or y to =, depending on whether x < y or y < z.

Definition 5.30. Given a linear order X, define the self-referential condensation to be the equiv-
alence relation ~x such that for any xz,y € X,

x~x yiff X Ac [{z,y}]-
Lemma 5.31. For any X € 6, ~x is a condensation .

Proof. Symmetry follows by definition, reflexivity holds since X 22 0,1. Convexity is also straight-
forward.

For transitivity, note that if # ~x y ~x z, then if X =<, [{z,2}], let X' be the copy of X
within [{z,z}]. If y € [{z, z}], then y € X', so if X = Q([,,) and the I,, segment that y landed in
corresponds to the rational number ¢, then the sets (¢, 0)(I,,), (—o0, q)(I,) = Q(In)El, and we get
a contradiction to X ZA. [{z,y}]. If not, then the setting is simpler since either one of [{z,y}] or
[{y, z}] will contain [{x, z}]. O

1314 also depended on the freedom when defining new sums within the well-orders, since the class is closed under
arbitrary sums.

Lyye may ignore all the empty orders. If you want to work with only a finite amount of orders, just repeat them.

15Here, we replace according to the restriction of the original partition to these intervals.
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In order to avoid problems recognizing the shuffle structure, we will say a dense rational shuffle
L is admissible if L/ ~, is countable.

As expected, we're going to let the canonical shuffling orders for an admissible shuffle be the
ones given by the condensation. By the homogeneity of any shuffle, it follows that these conden-
sation classes are indeed dense in the condensation. Therefore, L/ ~, is a countable, dense linear
order without endpoints (any final segment of a shuffle convexly embeds the whole order), hence
isomorphic to Q.

Using these canonical representation of the shuffles, we can formally define +5.

Definition 5.32. If 51, S5 are two admissible shuffles with two respective representations from the
self-referential condensation as Q(I,,), Q(Jy,), let

St +g S2 = Q(In, )

This sum is clearly regular and commutative, for associativity we need to show that the sum
with respect to this representation yields an admissible shuffle, and that associativity indeed holds.
It can be shown that this is only possible if we consider countable, not just admissible, shuffes.

Definition 5.33. Let & be the class of all countable elements of &, and +¢ the restriction of +&
to 6.

From now on, we will only consider shuffles in &.

Vacuously, every element of & is admissible, and any two countable shuffles will sum to a count-
able shuflle, which will be admissible. To prove associativity, we’ll need more information about
the shuffling orders that result from the self-referential condensation.

Definition 5.34. Say two lists of countable linear orders {1, }new, and {Jp, }mew are equivalent if
for every n € w, there is an m € w such that J,, & I,,, and vice-versa, if m € w, then there is an
n € w such that I, = J,,.

Notice that if {I), }new and {Jm, }mew are equivalent, then Q(7,,) = Q(Jy,).
We abstract the key property of replacing orders emerging from the self-referential condensation.

Definition 5.35. A collection {I,}ncn of countable linear orders is minimal if for all n € w,

Qn([n) ﬁc In

Minimal orders can be characterized (up to equivalence) as those coming from the self-referential
condensation.

Proposition 5.36. If {I,}necw and {Jp}tmew are minimal and Q(I,) = Q(J,,), then {I,}new and
{Jm}mew are equivalent.

Proof. Fix an isomorphism f : Q(I,) — Q(J,,). We know by density of the shuffling that any
interval I in Q(Z,,) intersecting more than one of the replacing orders I, contains a convex copy of
Q(I,); the same is true for any interval J in Q(J,,) intersecting more than one of the J,.

For any I, this means that f(I,) C J,, for some m € w. We must have equality or else for
some other n’ € w, f(I,) N Jy # 0, which implies that Q(J,,) = Q(I,) =¢ Jm- Thus, I, = Jp,.
Symmetrically, for any J,,, there is an I,, with I,, =2 J,,. Hence, the lists are symmetrical. (I

It will be useful to know the relation between minimal and non-minimal representations of a
shuffle.

Proposition 5.37. Suppose that {I,}necw is a minimal list and {Jy}mew i any other list such
that Q(I,) = Q(J,). For every m € w, ezactly one of the following holds:

(i) Jm is isomorphic to an order in the list {I}new,
(il) Qn) Zc I
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Moreover, in case (ii), we have J,, = L+Q(I,)+ R, where L is either isomorphic to an order in
the list {1 }new, or empty; and similarly R is isomorphic to an order in the list {I,,}new, or empty.

Proof. Fix m € w and suppose that J,, is not isomorphic to any order in the list {I,, }cw-

We first show J,, convexly embeds Q(I,,). Suppose not. If f : Q(J,) — Q(I,,), then as in the
previous proposition, we must have f(J,,) C I,, for some n € w. This containment must be strict
(by assumption). But then, by density, there is some other m’ € w such that f(J,) NI, # 0. Let
q,r € Q be the rationals replaced by these orders, then

Q(In) = Q(Jm) = ({g,7})(Im) C I,

in contradiction to the minimality of I,,.

To show that J,, = L+Q(I,)+ R, there are four cases to check depending on whether or not there
are minimal and maximal rationals ¢ with associated replacing order I,,; such that J,, N I, # 0.
We carry out the case where there is such a minimal ¢, but not a maximal one.

Let ¢ € Q be the minimal such rational, and say I, is its associated replacing order. It must be
the case that I, is fully contained in J,,, or else it intersects some other .J,,,/, and therefore embeds
Q(I,). Hence, I, is an initial segment of J,.

Let r € R be the supremum of all the rationals whose associated replacing orders I,,; intersect
Jm. This number exists, otherwise J,,, would be a final segment of Q(J,,). It follows that .J,, =
I, + (¢,7)(I,), proving the representation in this case. O

In case (ii.) of this proposition, we can view J,, as a replacement of one of Q, 1+ Q, Q + 1 or
14+ Q+ 1 by orders in the list {I,} such that each of these orders appears densely often in the
replacement. The orders replacing the 1s can be arbitrarily chosen from the list. We will call such
orders extended shuffles of the list {1, }ney-

Proposition 5.38. Suppose that {I,}new is a minimal list and Q(J,,) is a shuffle such that for
every m € w, one of the following conditions holds:

(i) Jm is isomorphic to an order in the list {Ip}new,
(ii) Jm is an extended shuffle of the list {Ip,}new-

Suppose further that for at least one m € w, condition (ii) holds. Then Q(J,,) = Q(I,).

Before proving the proposition, it will be helpful to briefly discuss iterated replacements.

If @ is some linear order, and there is an indexed sequence of orders {I,}4cq, we can create a
new order Q[I,] = qu(@ I, called the replacement of Q by {I;}4eq, Where every point in ¢ € Q
is replaced by its corresponding point order I,. Our shuffles are just a special case of this, where
we replace by a sequence {I;},cq such that for any r € Q, {¢ € Q | I; = I,} is dense in Q.
When working with a shuffle, we may also consider its corresponding concrete representation as a
replacement.

Suppose @ is a linear order and Q[/;] is a replacement. If in turn each I, is a replacement
My[A(g,m)]; then we have Q[I,] = Q[My[A(gm)l]- This order is naturally isomorphic to the replace-
ment of Q[M,] by the orders A, i.e. we have Q[M,[A(gm)]] = Q[My][Agm)l-

It will also be helpful to observe that if Q[M,] is a replacement of Q such that for every ¢ € Q
we have that M, is isomorphic to one of 1,Q,1+Q,Q+ 1, or 1 +Q + 1, then Q[M,] = Q, simply
because this order is countable, dense, and without endpoints.

Proof. Consider the sequence {J; }4cq such that for any g € Q, J; is the order J,, that ¢ is replaced
by in Q(Jy). So, Q(J,) = Q[J].

By hypothesis, we may write each J; as a replacement Mq[I(q,m)], where M, is one of 1,Q,1 +
Q,Q+1or 1+Q+1. Each (g, is isomorphic to some I, and in the case when M, # 1, each I,
appears densely often as (4, in the replacement My[l(q )] We may view Q[J,] = Q[M,[L (g m)]]
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instead as the replacement Q[M,][I(4 )] of Q[M,] = Q. Thus, to show that Q(J,) = Q(Iy), it
suffices to check that each I, appears densely often as (4 ,,,) in the replacement Q[Mg][1(g,m)]-

Fix n € w. By assumption, there is at least one m € w such that J,, is an extended shuffle of
{In}necw, and there are densely many ¢ such that J; = J,,. Hence, there are densely many ¢ for
which M, # 1. Fix a < ¢ in Q[M,]. We claim there is b with a < b < ¢ such that I, = I,,. If
a,c € M, for some ¢, then since I, appears densely often as I, ,,) in the replacement M, [I(q,m)]7
there is such a b in M,;. And if a € M, and ¢ € M, for some ¢ < r, then since there is ¢ with
q <t <r with M; # 1, there is such a b € M;. We are done. ]

We are finally ready to prove the associativity of +g.

Lemma 5.39. Suppose that X = Q(1,) and Y = Q(J,) are minimal representations of X and Y
as shuffles. Then Q(I,, Jp) is a minimal representation of X +g Y.

Proof. Assume not. Then, without loss of generality, assume for some m € w, Q(I,, Jn) =¢ Jm.
If Q(K;) = Q(Iy, Jp) is a minimal representation, by Proposition Im = L+ Q(I, Jn) + R,
where L, R can be either one of the Kj, or empty. Since this will hold for any other J,, that
convexly embeds Q(I,, J,,), and if J,,,; doesn’t convexly embed the sum then by Proposition m
it must be isomorphic to some Kj, as such we are exactly in the setting of Proposition [5.38
Therefore Q(J,,) = Q(I,, Jy), but this contradicts the minimality of {J, }necw, since then we have
Qs Jn) = Q) Ze I O

This immediately gives us associativity, since

Q(In) +e (Q(Jn) +6 Q(Kn)) = Q(Ina JmKn) = (Q(In> +6 Q(Jn)) t6 Q(Kn)

Therefore, we have shown that the countable dense rational shuffles form a good class.

5.3. Complicated classes. In this section, we will present a sufficient condition for an arbitrary
class of orders to be a good class. Unlike sums considered so far, the sums emerging from this
result will not rely on any nice structural properties of the classes considered, but rather on their
lack of structure. This method is extremely flexible, allowing us to generate sums with practically
no restrictions; the only potential drawback being a reliance on the axiom of choice.

Let LO)y ={L € LO | |L| = A}.

Definition 5.40. A class Ky C LO, is complicated if given any two A, B € K, there are 2}
non-isomorphic instances of a sum of A and B.

Remark 5.41. Such classes could be thought of as sum-saturated, the cardinality of possible instances
of sums of two elements within the class will be the maximal one, without leaving the class.

Remark 5.42. By Theorem [5.9] no complicated class can contain two well-orders.

Before making the sum-existence claim for complicated classes, we need to have a canonical class
of representatives for the class of all order-types. Let LO, be a set of distinct representatives for
all order-types in {L € LO | L has universe x € Card}

For any class of linear orders C, let

C=CNLO,.
This set has cardinality at most 2@

Theorem 5.43. Given K\ C LO) and any subclass £ C K, such that K\ — E is complicated,
and there is a good sum ©r on E. If <\ is a well-order on Ky, then exists is a good sum ® on Ky
extending Bg.

16 Any linear order on A is just a subset of A x A, therefore there are at most [P(A x A)| =2*

that can be imposed on .

-many linear orders
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Proof. Let (Ly | a < 2>‘) be the enumeration of Ky furnished by <, and take Bg to consist of the
ordinals assigned to representatives of types in E by <.
By induction on «, define (Uy, ®q) such that:
(a) Uy € U Bp;
(b) If B < «, then Ug =U N (BUBE);
(¢) For all n < w and (Bo, ..., Bn) € " (U Bg), we define ®a(Lg, | I <n) (a sum defined on
sequences, with outputs in K) with the following properties:
o @a(<Lﬁ>) = Lg,if B € aUBg;
o If B < a, then @5 = @ [ {(Lg, |1 <n) [ (B |1 <n) €™ (BUBE)};
o3 For all [ < m,n, if B,v € Uy N and B (Lg,, ..., La,) = ®a(Llyy, ..., L), then
n =m and (Lg,,...,Lg,) is a permutation of (L.,,...,L,,,). Likewise, if §,¢ € Bg
and ®a(Lgy,---sLs...,Lg,) = ®a(Llngs---yLey..., Ly, ), then n = m, § = ¢, and
(Lgyy---+Ls...,Lg,) is apermutation of (L, ..., Le,..., L, ). The sum of a sequence
containing an element of F is never isomorphic to one of elements of Ky — F;
o, If v € (¢ UBE), then for some fy, ..., Bn € Un, Ly = ®a(Lp,, - -, Lg,), where at most
one of the indices is in Bg;
o5 For any By,...,0, € , if 0 € Spy1,

@Q<Lﬁo, ... ,L5n> = @Q<LBU(O), ... 7L/30(n)>'

Let Z/lo = BE, ©o = PE.

For a+1, let Uy 41 = Uy if L, is in the range of @, and U, U{a} otherwise. To satisfy condition
(c)2, let @ar1 | {(Lg, 1<) | (B ]|1<n) €™ (aUBg)} = @ If Ly is in the range of g, let
Pq+1 remain consistent with @, by adding any tuple containing L, as &, would, by expanding
any instances of L, as tuple of orders in {Lg | f € Uy} which sum to it.

If the new order is not in the range, enumerate all unordered tuples (with repetition) of Uy
with at most one element in B EH lexicographically, prioritizing shorter tuples. Inductively, define
our sum on these tuples. For tuples of length 1, follow (c).1. Given a tuple of length > 1, if «
is in it, using the inductive hypothesis, collapse the tuple until it is length 2, and let the sum of
the tuple be any L. for v > « such that L, is an instance of a sum of the two orders considered,
which is not in the range of @, nor @441 so far (we will never run out of these instances by the
assumption that K — E is complicated). Note that the inclusion of « into U,+; guarantees that
(c).4 is satisfied. Since we mandated that the new orders we map to are unique to each unordered
tuple, (c).3 is satisfied.

For limit stages, let Uy = [, Ua, and take Oy = [Jyc Pa-

The operation @ = (J,.9» @q restricted to pairs and extended to all of K by respecting regu-
larity, is a good sum. ]

Remark 5.44. The condition that we have a good subclass FE is not restrictive, if we let £ = (), we
get the a sufficient condition for K to be a good class. As we will see though, the allowance for
extension gives us a vast amount of flexibility.

But do complicated classes even exist in general?

Example 5.45. Let By, be the class of all countable orders with QQ as a convex suborder.

All we need to show here is that there are 280 ways to combine Q with itself while remaining
within this class. The trick to do this will be by showing that we can represent any infinite binary
sequence as an instance of a sum. First, we show that we can combine Q with itself to make any of

Q,Q(2),Q(1,2)

1Twe may consider unordered tuples by (c).3, (¢).5. If one of the indices is not in U, expand it to a tuple in U,
using (c).4. Collapse elements of Bg using ®&¢ = ®g.
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Effectively we will use these to encode our binary sequences, with Q acting as a spacer, Q(2) as
0, and Q(1,2) as 1.

Note that any w-sum of these orders will itself be an instance of a sum of two copies of the
rationals. First, we show how to decompose all of these orders into two copies of the rationals, a
“red” copy and a “blue” copy of which they are an instance of a sum. For Q, let the red copy be
(—o0,7) N Q, and the blue copy (7, 00) N Q. From Q(2), let the red copy be all successors, and
the blue one to be all predecessors. Finally, for Q(1,2), consider all predecessors and the points
without predecessors or successors to be the red points, and the set of all successors to be the blue
ones. Given an w-sum of these orders, note that the sum of all red orders, and the sum of all blue
orders, are still countable DLOs without endpoints, therefore isomorphic to the rationals, hence
the sum is an instance of a sum of two copies of the rationals.

Since we can encode any countable binary sequence with two elements in By,, this class is
complicated.

Example 5.46. Consider Q = (Q,Q(1,2) + Q,Q(2) + Q).
This class is the closure of

{Q1+Q,Q(1,2) +Q,1+Q(1,2) +Q,2+Q(1,2) + Q,Q(2) + Q, 1 + Q(2) + Q,2 + Q(2) + Q}

under sums indexed by ordinals. So it is not hard to see that, by a similar approach to that of
Example we may encode binary sequences of length x as instances of sums of any two elements
of Q. Therefore, O, is k-complicated.

Definition 5.47. A class K of linear orders is complicated if K is complicated for every A € Card.

Q is our first example of a complicated with orders of arbitrary (infinite) cardinality.

6. REVISITING THE PROPERTIES OF SUMS

Having developed a robust theory for constructing new sums, we are now in a position to revisit
our two original properties of sums, point-tracking and canonical regularity. We will show that
neither of them follow from regularity paired with associativity. To illustrate the flexibility of
our methods of constructing sums, we will also consider whether any global sum can represent a
non-trivial group, showing that none of the structured sums we have considered so far can, while
constructing a sum that represent Z/27.

The guiding heuristic for this section will be that whenever there is a reasonable property of sums
that does not dictate rigid structure (compare properties like point-tracking and commutativity with
being semi-standard), there will be a dichotomy between the structured sums, like those built from
ordinal good sums that split summands finitely and simple sums, and the non-structured sums,
such as those constructed from complicated classes.

6.1. Point-tracking. Recall that the original point-tracking condition from Definition[3.14]ensures
that associativity is witnessed by an isomorphism that makes it such that the joint order between
summands is the same in both instances of associativity is preserved. This is an inherently local
property, and in cases where the global structure of our sums is nice, it is straightforward to show.

Proposition 6.1. Simple sums track points.

Proof. The induced f: (A® B) ®C = A@® (B ® C) isomorphism will just be the composition of
the usual isomorphisms witnessing

(AepB)@C=Cr+BL,+A+Br+Cr=A®(BaC).
Verify that this works by running through commutative diagram using that
A B=B,+A+Br, B&oC=Cr+ B+ Cg.
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That said, for sums which shuffle points more intrusively, it can fail.

Let +¢, denote the global extension of the lem sum (the min or dynamic sum would do just as
well) note that

w +lcm (w +lcm w) = (w +lcm w) +lcm w
is a counterexample to point-tracking. By using the standard embeddings associated to this sum,
we can prove this visually:
(®®@ ®@ 0  +icn® © @ 0 - ) +tiem
= (® o 000 0 0 0 )+tim

= L o o o o o
But, the other side of associativity yields:
® 000  tim( ® 0 0 0 tinm )

= ® ® 0 0 Fim©® ] [ [

= @ 0 0 ® 0 0 ® 0 ©

As we can see, the maximal shuffling of this sums makes it so that any two points in the right
two orders that have the same positions in their respective copies of w get their orders flipped
with respect to each other among instances of associativity. This contradicts the existence of a
point-tracking isomorphism.

6.2. Canonical regularity. As a direct consequence of the rigidity theorem, every simple sum is
canonically regular (sum-generated components are rigid under isomorphism).

Based on the previous example we had of a regular sum that is not canonically regular (Example
3.18), we may expect every regular associative sum to be canonically regular given that regular
sums which aren’t canonically regular have to shuffle their summands with little robustness.

Using the method of complicated classes, we show that this intuition is false.

Start by defining &g on F = {24+ Q(2)+Q,Q, 1+ Q+Q(2) +Q} by letting &g be commutative,
regular and satisfy

2+Q(2)+QorQ=1+Q+Q(2)+Q
2+Q(2)+Q)er(2+Q((2)+Q)=2+Q(2)+Q
2+Q(2)+Qer(1+Q+Q((2)+Q) =1+Q+Q(2)+Q
(1+Q+Q(2)+Q) e Q=1+Q+Q(2) +Q
(1+Q+Q2)+Q & (1+Q+Q(2)+Q) =1+Q+Q(2) +Q
QerQ=0Q

This is a possible set of outputs of a sum which make &g associative on F.
Note that the only way to arrange

2+Q2)+QorQ=1+Q+Q((2)+Q
is by splitting the right summand, Q, into at least two pieces, placing a piece of the form (—oo, )
between 0 and 1 in the 2, while some segment (z,y) goes immediately to the right of 1 € 2. Here
x must be irrational, and y has to be either irrational or oc.
With the notation from definition 5, let ¢ : Q = Q be such that ¢ — ¢+1, and ¢ : 24+Q(2)+Q =
2 + Q(2) + Q be the identity. Assume this sum is canonically regular, if f: 1+ Q + Q(2) + Q =
1+Q+ Q(2) + Q is the induced automorphism and ¢, € (z — 1, ), while

2 2 2 2
e((@—i—@( )+Q)®E@(Q1’) < egj(—@@é)l—i—@@)@EQ(l)

where 1 here represents the 1 € 2 to the left of 2 + Q(2) + Q. As shown above,
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_ (2+Q(2)+Q)®=Q

f(€g+Q(2)+Q)@EQ(qx)) _ e((QQ-‘rQ(?)-FQ)EBEQ( _ f(61+(@(2)+@ (1))

2 2
G -+ 1) > ngr—l—QQé)):(-Q@)@EQ(l)

This is a contradiction to f being order-preserving.

Extend this sum to a global sum by first using the complicated class construction to extend
@p to a sum @ on all of Qy,. Noting that On, = Qg”d, use the cardinality sifting scheme
{(Q¢d © ) }acord, Where @, = + for a > 0. Q is generated by a finite set of countable orders
closed under non-empty final segments, therefore this filtration will be effective, and the resulting
sifted sum @ will be regular, associative and will extend @, therefore it won’t be canonically
regular.

To recapitulate: we had to break canonical regularity, a local property. To do so, we started
out by explicitly writing down a specific failure of canonical regularity, and subsequently built a
good sum on a small set around it. This gave us enough consistency to extend the sum (using the
complicated class construction) to the subclass of countable orders of a large complicated class.
Leveraging the fact that this complicated class is nice since it is also an SGC and behaves well with
respect to its associated cardinality filtration, we used sifting to extend this sum on the subclass of
countable orders, to a global sum.

6.3. Representing groups. Let £O be the class of order-types.

Definition 6.2. Given a group (G, -), we say an isomorphism invariant binary operation % : LO X
LO — LO represents G if there exists a one-to-one mapping ¢ : G — LO such that for any
g,h € G,

P(g-h) = d(g) * ¢(h).

If there exists some group (G, -) such that x represents G, we say (LO,x) represents a group.
All structured sums we have considered so far do not represent any non-trivial groups.

Proposition 6.3. If @ is a simple sum, the only group that can be represented in (LO,®) is the
trivial group.

Proof. Say ¢ : G — LO is a representation of a group (G,-), and let e € G be the identity, and
a € G be any element. Since

¢(e)r + ¢(a) + ¢(e)r = ¢(a) @ ¢(e) = d(a - e) = ¢(a),
we must have ¢(e)r, + ¢(a)r, = ¢(a)r by the rigidity theorem. Similarly,

¢le) = ¢la-a™") = ¢(a) ® ¢(a™!) = ¢(a™ )L + d(a) + ¢a™ )R,
so ¢(e)r = ¢p(at)r + #(a)r. By the Fundamental Theorem, ¢(e)r, = ¢(a)r,.
The exact same procedure may be carried out to show that ¢(a)g = ¢(a)r, thus ¢(e) = ¢(a), so
e = a. Since a was arbitrary, this shows that G is trivial. O

With a simple application of the bounds for sums of ordinals we found in 5.1} we can also discard
the case of sums on the ordinals given the analogous definition for representing sums in (Ord, ®).

Proposition 6.4. Given a sum @, the only group that can be represented in (Ord, @) is the trivial
group.

Proof. For any two ordinals «, 5, a ® 8 > « +min 8 > max{«, 5}.
If ¢ represents the identity element, a represents some non-trivial element and o~ its inverse,
then
a=¢e®@a>max{e, a}

al=ec@a ! >max{e, ot}
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So, o, ! > ¢, but
e=a®a ! >max{a,a '}
a contradiction. ]

At this point, it seems like we’ve exhausted most reasonable sums we usually work with, they’re
just too rigid!

That said, noticing that representing a non-trivial group is a local property, we can use the more
fluid complicated classes to “force” a representation of a non-trivial group.

Working in Q, let our base set be E = {Q(2) + Q, Q(1,2) + Q}. Define the sum &g on E by

@Q(2)+Q) @r (Q2)+Q) =Q(2) +Q
(Q(2)+Q er (Q1,2)+Q) = (Q(1,2) + Q) ©£ (Q(2) + Q) = Q(1,2) + Q
(Q(1,2) +Q) e (Q(1,2) + Q) =Q(2) + Q.
It is not hard to check that these solutions are instances of sums of the pairs given and that ©g
is a good sum on F (this is just the multiplication table for Z/27Z). Extend ®g to a global sum @

by following the same steps we did for our failure of canonical regularity.
The mapping ¢ : Z/27Z — LO such that

¢([0) = Q(2) +Q, ¢([1]) = Q(1,2) + Q
is a representation of Z/2Z in (LO, ®).
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