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Abstract. We present a systematic development of the arithmetic of the class

of linear orders under the ordered sum (LO,+) and prove a number of new

results. Our approach is based on a Euclidean algorithm for pairs of linear
orders that almost additively commute.

Among our results:

i. We generalize and give unified proofs of the main classical theorems for
(LO,+), including Lindenbaum’s division theorem for (LO,+) and a

representation theorem for additively commuting pairs of linear orders

due to Aronszajn.
ii. We solve the following problem, posed by Tarski in 1956: is it true that

for every pair of linear orders A,B and quadruple of natural numbers
n,m, k, l ≥ 1, if nA+mB ∼= kB + lA then A+B ∼= B +A? Tarski and

Chang showed the answer is yes for certain choices of the coefficients

n,m, k, l. We show the answer is yes in general.
iii. We prove the following characterization of the additively commuting

pairs in LO: A + B ∼= B + A if and only if ωA embeds initially in

ωB and ω∗A embeds finally in ω∗B, or vice versa. We show this can be
viewed as a correctly revised version of a refuted conjecture of Tarski.

iv. We characterize the commutative semigroups (S,⊕) that can be repre-

sented in (LO,+) and show in particular they are all subsemigroups of
naturally totally ordered semigroups in the sense of Clifford.

1. Introduction

Let LO denote the class of linear orders. Given two orders A,B ∈ LO, their
ordered sum A+B is the order obtained by placing a copy of B to the right of A.
Given a natural number n ≥ 1, nA denotes the n-fold sum A+A+ · · ·+A.

Many of the fundamental results about sums of linear orders are due to Linden-
baum and Tarski, and were announced in their joint 1926 paper [6]. Outstanding
among these results are the following two theorems of Lindenbaum.

Theorem 1.1. (Lindenbaum’s Cancellation Theorem; [6, 3.13]) Suppose A and B
are linear orders and there is a natural number n ≥ 1 such that nA ∼= nB. Then
A ∼= B.

Theorem 1.2. (Lindenbaum’s Division Theorem; [6, 3.14]) Suppose A and B are
linear orders and there are natural numbers n,m ≥ 1 with gcd(n,m) = 1 such that
nA ∼= mB. Then there is a linear order C such that A ∼= mC and B ∼= nC.
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If we view each natural number n as a finite linear order with n-many points,
then the ordered sum + agrees with the usual sum on N, and can be viewed as an
extension of this operation to the much larger class LO. When the orders A and B
from the statement of the division theorem are natural numbers, the order C must
equal gcd(A,B). Thus for more general orders, C may be viewed as the order-
theoretic greatest common divisor of A and B. It follows from the cancellation
theorem that C is unique up to isomorphism.

Lindenbaum’s theorems are strikingly general: they apply to an arbitrary pair
of linear orders A and B with a common finite multiple nA ∼= mB. This generality
suggests that the class of all linear orders, not just special subclasses such as the
class of natural numbers or the class of ordinals, has a reasonable and global additive
arithmetic that may be studied as such. More specifically, the theorems suggest
that (LO,+) has a Euclidean division structure generalizing that of (N,+).

The results in Lindenbaum and Tarski’s paper [6] are presented without proof,
and Lindenbaum’s own proofs of his theorems were never published. Proofs of
the cancellation and division theorems did not appear until 30 years later, after
Lindenbaum’s death, in Tarski’s book Ordinal Algebras [9].

In Ordinal Algebras, Tarski undertakes a systematic study of the arithmetic of
the ordered sum by passing from LO to a more abstract context. He axiomatizes a
type of algebraic structure called an ordinal algebra. Such algebras have the form

A = (A,+,
∑

, ∗, 0),

where A is the universe of the algebra, + is a binary ordered sum operation,
∑

is
an N-ary ordered sum operation, ∗ is a unary reversal operator, and 0 is an additive
identity.

These operations generalize the corresponding operations for linear orders:

A = (LO,+,
∑

, ∗, ∅)

is the prototypical example of an ordinal algebra, and it was Tarski’s earlier work
with Lindenbaum on the arithmetic of this particular algebra that inspired his
abstract definition.

Tarski’s stated goal was to generalize the arithmetic study of sums of linear
orders to ordered sums of general binary relations. In the introduction to Ordinal
Algebras, he writes:

An important task in creating the general theory of binary rela-
tions is to develop the arithmetic of relation types, i.e., to study
operations by means of which the isomorphism types of compli-
cated relations can be obtained from those of simpler ones. This
arithmetic may eventually become a powerful instrument which will
give us a better insight into the structural variety of relations.

[...]
The main purpose of this monograph is just the development of

the theory of ordinal addition for arbitrary [binary] relation types.

Here, “ordinal addition” means “ordered addition” of binary relation types, ab-
stracting from the ordered addition of linear orders. This is in contrast to the (un-
ordered) “cardinal addition” that Tarski had previously systematized in his book
Cardinal Algebras [8], abstracting from the addition of cardinals in the absence of
the full axiom of choice.
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After developing the theory of ordinal algebras from their axioms, Tarski proves
that Lindenbaum’s division theorem holds in an arbitrary ordinal algebra, and
hence in the specific ordinal algebra (LO,+,

∑
, ∗, ∅). See [9, Theorem 1.50].

Tarski’s proof of the division theorem, which he labels “Euclid’s Theorem,” is
elegant but somewhat opaque, and despite the label not transparently connected
to Euclidean division in a familiar arithmetic context such as (N,+) or (R,+). We
were originally motivated to better understand the theorem, and to see its proof
as a proof by division in a sense that clearly generalizes division in the natural
numbers.

This paper is the result of our research in this direction. In it we will develop
the arithmetic of (LO,+) on the basis of a Euclidean algorithm for pairs of linear
orders A,B that satisfy a one-sided weak commutativity relation. This algorithm
is a generalization of the classical Euclidean algorithm on N. Combinatorially, it
is equivalent to the dynamical system arising from a two-piece generalized interval
exchange transformation on the unit interval

[0, 1) = AB 7→ BAX = [0, 1),

in which the maps between the corresponding copies of the intervals A and B
are required to preserve the orientation of these intervals but not necessarily their
lengths, and whose images leave a gap on one side of [0, 1). Readers familiar with
interval exchanges or orientation-preserving maps on the circle will recognize the
mechanics of such transformations in many of our proofs.

We will show that the algorithm yields a new proof of Lindenbaum’s division
theorem that directly generalizes a proof of the theorem for (N,+) obtained by
applying its classical version. We also use it to solve two open problems from Ordi-
nal Algebras, one stated explicitly and one implicitly posed, concerning additively
commuting pairs of linear orders; see the discussion in Sections 1.1 and 1.2 below.

In the second half of the paper, we use the systems of isomorphisms arising
from runs of the Euclidean algorithm to prove representation theorems for the
linear orders appearing in the course of such a run. In the last section, we use
these representations to characterize the commutative semigroups (S,⊕) that can
be represented as semigroups of linear order types under the ordered sum.

A version of the algorithm can be applied in an arbitrary ordinal algebra. In
a forthcoming companion paper [4], we will show that as a consequence, several
of the arithmetic results established in this paper for (LO,+) hold in an arbitrary
ordinal algebra.

1.1. Tarski’s Commuting Sums Problem. Tarski devotes significant effort in
Ordinal Algebras to the question of characterizing the pairs of elements in a given
ordinal algebra that additively commute. He does not explain his interest in this
question, but in hindsight it is a natural one: we will see that there is a close
connection between commutativity and Euclidean division in (LO,+), and the same
is true in an arbitrary ordinal algebra A.

On page 43, the following question is posed:

Problem 1.3. (Tarski’s Sum Problem; [9, pg. 43]) Suppose A and B are linear
orders and there are natural numbers n,m, k, l ≥ 1 such that

nA+mB ∼= kB + lA.

Does it follow that A+B ∼= B +A?
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Tarski shows in Corollary 1.53 that the answer to Problem 1.3 is yes if either
n = l or m = k, and then notes that the general problem remains open.

In Appendix A of Ordinal Algebras, written by C.C. Chang, Chang extends
Tarski’s result to get a positive answer for the case when both n ≤ l and m ≤ k,
leaving open the case when one of (n < l) ∧ (m > k) or (n > l) ∧ (m < k) holds.
Regarding this case, Chang says:

The discussion of this remaining problem seems to present consid-
erable difficulties.

See [9, pg. 92].
Immediately after posing Problem 1.3, Tarski poses the following generalization:

Problem 1.4. (Tarski’s Generalized Sum Problem; [9, pg. 43]) Suppose A and B
are linear orders and there is an isomorphism

C0 + C1 + · · ·+ Cn−1
∼= D0 +D1 + · · ·+Dm−1

such that n,m ≥ 2, Ci, Dj ∈ {A,B} for 0 ≤ i < n and 0 ≤ j < m, C0 = Dm−1 = A,
and D0 = Cn−1 = B.

Does it follow that A+B ∼= B +A?

In Section 7, we solve Tarski’s Generalized Sum Problem for (LO,+) in the
affirmative, using data accrued from a run of the Euclidean algorithm for the orders
A and B appearing in an instance of the problem. See Theorem 7.6.

Tarski poses Problems 1.3 and 1.4 for an arbitrary ordinal algebra; the proof
given in Section 7 solves the restriction of these problems to LO. In the forthcoming
[4], we will show that the proof can be generalized to an arbitrary ordinal algebra,
giving a complete solution to Tarski’s problems.

1.2. Tarski’s Commuting Pairs Conjecture. In unpublished work from the
1930s (see the introduction to [1], and the footnote in [9, pg. 80]), Tarski made a
conjecture to the effect that the only ways that a pair of linear orders A and B can
satisfy A+B ∼= B +A are the obvious ones.

Conjecture 1.5. (Tarski’s Commuting Pairs Conjecture; [9, pg. 80]) Suppose that
A and B are linear orders. Then A+B ∼= B +A if and only if one of the following
conditions holds:

i. There is a linear order C and natural numbers n,m ≥ 1 such that A ∼= nC
and B ∼= mC;

ii. A+B ∼= B +A ∼= A;
iii. A+B ∼= B +A ∼= B.

Tarski showed the conjecture is true if A and B are assumed to be either count-
able or scattered. After appropriately generalizing the notion of a scattered element
to an arbitrary ordinal algebra, he showed that the conjecture holds for such ele-
ments in any ordinal algebra ([9, Theorem 1.65]).

Lindenbaum found a counterexample to Tarski’s conjecture (also unpublished).
This example was later generalized by Aronszajn, who in [1] gives a structural char-
acterization of the additively commuting pairs of linear orders A and B. Aronszajn
showed that such pairs are obtained by replacing the points in a closed interval of R
with linear orders in a way that respects a group of translations on R; see Theorem
10.4 for a precise statement of the result.
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Tarski discusses Aronszajn’s characterization in a footnote on page 80 of Ordinal
Algebras, noting there:

Aronszajn’s results, however, cannot be formulated within the arith-
metic of ordinal algebras.

This is in contrast to the characterization conjectured in 1.5, which can be stated
in the arithmetic language of ordinal algebras (though of course not proved, since
it fails in LO).

Jónsson retells this story in his paper [5] from 1982:

However, some facts about ordinal addition cannot even be for-
mulated within this framework [of ordinal algebras]. A notable
example is Aronszajn’s [1952] characterization of commuting pairs
of isomorphism types.

These remarks raise the implicit question of whether one can revise Tarski’s
conjecture to get a correct arithmetic characterization of the isomorphism A+B ∼=
B +A, i.e. one that is expressible in the language of ordinal algebras.

We will show the answer is yes. There is a natural weakening of (i.) in Tarski’s
conjecture which is expressible in the language of ordinal algebras and, when sub-
stituted for (i.), yields a correct arithmetic characterization of the additively com-
muting pairs A,B ∈ LO.

For a linear order X, ωX denotes the right infinite sum of X:

X +X + · · · =
∑
i

X

and ω∗X denotes left-infinite sum

· · ·+X +X =

(∑
i

X∗

)∗

.

Theorem 1.6. Suppose that A and B are linear orders. Then A+ B ∼= B + A if
and only if one of the following conditions holds:

i. ωA ∼= ωB and ω∗A ∼= ω∗B;
ii. A+B ∼= B +A ∼= A;
iii. A+B ∼= B +A ∼= B.

If A ∼= nC and B ∼= mC for some C ∈ LO and n,m ∈ N as in 1.5.(i.), then A and
B satisfy the revised condition (i.) from Theorem 1.6. In this case, ωA ∼= ωB ∼= ωC
and ω∗A ∼= ω∗B ∼= ω∗C.

In [4], we will show this revised arithmetic characterization of the commuting
pairs in LO holds in an arbitrary ordinal algebra.

We also prove the following reformulation of Theorem 1.6. Here, ⩽init means
“embeds onto an initial segment of” and ⩽fin “embeds onto a final segment of.”

Theorem 1.7. A+B ∼= B+A if and only if one of the following conditions holds:

i. ωA ⩽init ωB and ω∗A ⩽fin ω∗B;
ii. ωB ⩽init ωA and ω∗B ⩽fin ω∗A.

See Theorems 11.1 and 11.2.
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1.3. Organization of the paper. In Section 2, we introduce the notation and ter-
minology for working with linear orders and their sums that we will use throughout
the paper.

In Section 3, we analyze the elementary dynamics of convex self-embeddings of
linear orders. Such embeddings arise in applications of our Euclidean algorithm for
(LO,+).

In Section 4, we establish a number of arithmetic facts concerning sums of lin-
ear orders that we will use in our later results. Most of these facts are due to
Lindenbaum and Tarski.

In Section 5, we introduce our Euclidean algorithm for pairs of linear orders A
and B that almost additively commute (in a sense specified there), and discuss the
arithmetic data about A and B that accrues from a run of the algorithm. In Section
6, we study this arithmetic data in an abstract setting, and prove structural results
about the linear orders that appear during the course of such a run.

In Section 7, we solve Tarski’s Generalized Sum Problem 1.4 for (LO,+) in the
affirmative, and prove some related arithmetic results.

In Section 8, we use the Euclidean algorithm to give a new proof of Lindenbaum’s
Division Theorem 1.2.

In Section 9, we establish representation theorems for the linear orders appearing
as arithmetic terms in the course of a run of the Euclidean algorithm. These
representation theorems are the basis for the remaining work in the paper.

In Section 10, we use these theorems to prove one-sided generalizations of Aron-
szajn’s representation from [1] for commuting pairs of linear orders.

In Section 11, we use the representations to prove our revised version 1.6 of
Tarski’s Commuting Pairs Conjecture 1.5.

In Section 12, we develop an arithmetic theory of archimedean dominance and
archimedean equivalence in (LO,+), and show that these notions induce global
archimedean valuations on LO analogous to valuations in abelian orderable groups
in terms of their archimedean classes.

Section 13 is a preparatory section for a technical aspect of the construction in
Section 14. Finally, in Section 14 we prove our characterization of the commutative
semigroups that can be represented in (LO,+).

AI use statement : AI tools were not used in the writing of this paper or in the
formulation and proofs of its results, which are the work of its authors.

Acknowledgments: We thank Alekos Kechris for several helpful comments.

2. Notation and basic terminology

A linear order is a pair (X,<) where X is a set and < is a strict, total order on
X. The class of linear orders is denoted LO. When not otherwise specified, capital
letters A,B,X, Y, . . . appearing in the text and the statements of propositions below
stand for fixed linear orders.

The expression x ≤ y abbreviates the assertion “x < y or x = y.”
A suborder of X is a subset Y ⊆ X equipped with the inherited ordering relation

from X.
We write X∗ for the reverse of X. The orders X and X∗ share the same un-

derlying set of points, with x < y in X∗ if and only if y < x in X. Note that
X∗∗ = X.
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An order X is dense (or densely ordered) if X contains at least two points and
whenever x, y ∈ X and x < y, there is z ∈ X with x < z < y.

If x < y and there is no z such that x < z < y, then x is the predecessor of y
and y is the successor of x. We sometimes say x and y form a jump pair. Thus X
is dense if and only if X contains no jump pairs.

A suborder Y ⊆ X is dense in X (or, Y is a dense suborder of X) if whenever
x, y ∈ X and x < y, then either x and y both belong to Y or there is z ∈ Y such
that x < z < y.

2.1. Intervals and cuts. An interval or convex subset of X is a suborder I ⊆ X
such that whenever x < z < y and x, y ∈ I then z ∈ I. In particular, singleton
suborders {x} ⊆ X are intervals of X.

Given two intervals I, J ⊆ X, we write I < J if x < y for all x ∈ I and y ∈ J .
This defines a (strict) partial ordering on the collection of intervals of X that we
call the induced ordering.

An initial segment of X is a subset I ⊆ X such that whenever y < x and x ∈ I
then y ∈ I. A final segment of X is a subset J ⊆ X such that whenever x < y and
x ∈ J , then y ∈ J . Observe that initial and final segments are intervals, and that
I is an initial segment of X if and only if X \ I is a final segment of X.

A cut in X is a pair c = (I, J) where I is an initial segment of X and J = X \ I
is the corresponding final segment. We think of c as the space between I and J .
Cut(X) denotes the set of cuts in X.

The ordering < on X naturally extends to an ordering on X ∪ Cut(X). Given
x ∈ X and a cut c = (I, J) in Cut(X), define x < c if x ∈ I and c < x if x ∈ J .
Given another cut c′ = (I ′, J ′) ∈ Cut(X), define c < c′ if there is x ∈ X such
that c < x < c′, or equivalently, if I ⊊ I ′. It is straightforward to check that this
extension of < linearly orders X ∪ Cut(X).

We will sometimes informally quantify over X ∪ Cut(X) by using clauses of the
form “point or cut c ∈ X” instead of “c ∈ X ∪ Cut(X).”

Suppose K ⊆ X is an interval. The cut at the left of K is c = (I, J), where

I = {x ∈ X : ∀y ∈ K,x < y}.

The cut at the right of K is d = (I ′, J ′) where

J ′ = {x ∈ X : ∀y ∈ K,x > y}.

The cuts at the left and right of K are the endcuts of K. By convention, the cuts
at the left and right of X are (∅, X) and (X, ∅) respectively.

Cuts in K may be identified with cuts in X in the natural way. If c = (I, J) is
a cut in K, we identify it with c′ = (I ′, J ′) ∈ Cut(X), where

I ′ = {x ∈ X : ∃y ∈ I, x ≤ y}.

The cuts at the left and right of K are identified with the cuts at the left and right
of K in X. Under this identification, K ∪ Cut(K) is an interval in X ∪ Cut(X).

More generally, we may define cuts at the left and right of an arbitrary suborder
of X. Given Y ⊆ X, the convex closure of Y is the interval

conv(Y ) = {x ∈ X : ∃a, b ∈ Y, a ≤ x ≤ b}.

The cuts at the left and right of Y are defined as the cuts at the left and right of
conv(Y ).
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We will use both points in X and cuts in X to define intervals in X. Given
a, b ∈ X ∪ Cut(X) with a ≤ b, define

• [a, b] = {x ∈ X : a ≤ x ≤ b},
• [a, b) = {x ∈ X : a ≤ x < b},
• (a, b] = {x ∈ X : a < x ≤ b},
• (a, b) = {x ∈ X : a < x < b}.

Thus we are viewing the usual endpoint notation for intervals in X ∪ Cut(X) as
denoting the restriction of these intervals to X.

If K is an interval of X, then

K = [c, d] = [c, d) = (c, d] = (c, d)

where c and d are the cuts at the left and right of K, respectively. We will usually
use closed interval notation when defining intervals by their endcuts. The phrase
“Label K = [c, d]” means “Let c and d denote the cuts at the left and right of K,
respectively.”

For a, b ∈ X ∪ Cut(X) not necessarily satisfying a ≤ b, we write [{a, b}] to mean
[a, b] when a ≤ b and [b, a] when a ≥ b. Analogously, we write [{a, b}), ({a, b}], and
({a, b}) to denote the interval of points between a and b that excludes b, excludes
a, and excludes both a and b, respectively.

2.2. Convex embeddings. An embedding of X into Y is a map f : X → Y such
that x < y in X implies f(x) < f(y) in Y . Since the ordering relations that we
consider are strict, embeddings are automatically injective.

An isomorphism is a surjective embedding. We say X and Y are isomorphic
and write X ∼= Y if there is an isomorphism f : X → Y . An automorphism of X is
an isomorphism f : X → X.

An order type is an isomorphism class of linear orders. Though we will work
with linear orders as opposed to order types throughout, often we are interested
in a given linear order X only up to isomorphism, and most of the definitions and
theorems we present could be rephrased in terms of order types.

A partial embedding of X into Y is an embedding f : K → Y whose domain K
is a suborder of X. Given such an embedding, f−1 is a partial embedding of Y into
X with domain f [K].

An embedding f : X → Y is convex if f [X] is an interval in Y . We write
X ⩽conv Y if there exists a convex embedding of X into Y . Note that isomorphisms
are convex embeddings.

A convex embedding f : X → Y is initial if f [X] is an initial segment of Y
and final if f [X] is a final segment of Y . We write X ⩽init Y if there is an initial
embedding of X into Y , and X ⩽fin Y if there is a final embedding of X into Y .
Observe that all three relations ⩽conv,⩽init, and ⩽fin are transitive on LO.

If f : X → Y is a convex embedding and c = (I, J) is a cut in X, then (f [I], f [J ])
is a cut in f [X], which as above we may view as a cut in Y . Conversely, every cut in
f [X] is of the form (f [I], f [J ]) for some (I, J) ∈ Cut(X). Thus f may be uniquely
extended to a convex embedding of X ∪ Cut(X) into Y ∪ Cut(Y ) by defining, for
each c = (I, J) ∈ Cut(X),

f(c) = (f [I], f [J ]).

We identify f with this extension.
Note then that if K = [c, d] is an interval in X labeled by its endcuts, the

convexity of f implies f [K] = [f(c), f(d)]. We express this by saying that the
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image of an interval under a convex embedding is determined by the images of its
endcuts.

2.3. Discrete orders. We use both ω and N to denote the set of natural numbers
{0, 1, 2, . . .} equipped with its usual ordering relation. We identify each n ∈ ω with
the set of its predecessors {0, 1, . . . , n − 1}, and view n as a suborder of ω. In
particular, 0 denotes the empty order.

The discrete orders are the finite orders n, along with ω, ω∗, and Z.

2.4. Replacements. Suppose that {Ix : x ∈ X} is a collection of linear orders
indexed by X. Define

X(Ix) = {(x, i) : x ∈ X, i ∈ Ix}

and order X(Ix) lexicographically by the rule (x, i) < (y, j) if x < y (in X), or
x = y and i < j (in Ix = Iy). Equipped with this ordering, X(Ix) is a linear order
that we call the replacement of X by the orders Ix.

For a fixed x ∈ X, the set of pairs {(x, i) ∈ X(Ix) : i ∈ Ix} is an interval in
X(Ix) that is isomorphic to Ix. We sometimes informally refer to this interval also
by Ix. Observe that Ix < Iy in X(Ix) if and only if x < y in X.

Given a suborder K ⊆ X, we write K(Ix) for the restriction

{(x, i) ∈ X(Ix) : x ∈ K}

of X(Ix) to K. Observe that if K is an interval in X, then K(Ix) is an interval in
X(Ix).

We explicitly allow the replacement orders Ix to be empty. Thus X(Ix) = K(Ix),
where K = {x ∈ X : Ix ̸= ∅}.

2.5. Replacements up to an equivalence relation. Suppose that E is an equiv-
alence relation on X. In practice, E will often be the orbit equivalence relation of
a collection of partial convex self-embeddings of X. For a given x ∈ X, the E-class
of x is denoted [x]E , or simply [x] when E is clear from context.

Suppose {I[x] : x ∈ X} is a collection of linear orders indexed by the E-classes
of X. We write X(I[x]) for the replacement X(Ix) of X in which Ix = I[x] for every
x ∈ X. Thus for every x, y ∈ X with xEy, we have

Ix = Iy = I[x] = I[y].

A replacement of the form X(I[x]) is a replacement of X up to E.
More generally, we call a replacement X(Ix) a replacement up to E, and denote

it by X(I[x]), even if we only have xEy ⇒ Ix ∼= Iy (instead of xEy ⇒ Ix = Iy) for
all x, y ∈ X.

2.6. Sums. A replacement X(Ix) is sometimes called an ordered sum and denoted∑
x∈X Ix. We usually use replacement notation; however, when X is isomorphic to

a discrete order we often use summation notation instead.
When X = 2 = {0, 1}, the replacement X(Ix) is called the sum of the orders I0

and I1 and denoted I0+I1. We write (LO,+) for the class of linear orders equipped
with the sum.
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Similarly, when X = n = {0, 1, . . . , n− 1}, we write I0 + I1 + · · ·+ In−1 for the
replacement n(Ix) and call such a replacement an n-sum. We also write

ω(Ix) =
∑

x∈ω Ix = I0 + I1 + · · ·
ω∗(Ix) =

∑
x∈ω∗ Ix = · · ·+ I1 + I0

Z(Ix) =
∑

x∈Z Ix = · · ·+ I−1 + I0 + I1 + I2 + · · ·
and call replacements of these forms ω-sums, ω∗-sums, and Z-sums, respectively. To
distinguish replacements of discrete orders from more general replacements X(Ix),
we refer to them as discrete sums.

Sums are closely related to cuts. If c = (I, J) is a cut in X, then X ∼= I + J .
In the other direction, in an order of the form I0 + I1 there is a cut between the
initial segment corresponding to I0 and final segment corresponding to I1. We call
this cut the cut at the + sign. Similarly, we may refer to cuts at + signs in longer
discrete sums as well.

We have (I0 + I1)+ I2 ∼= I0 +(I1 + I2) ∼= I0 + I1 + I2 for all I0, I1, I2 ∈ LO. The
sum is an associative operation in this sense.

More generally, we have the associative law

X(Ix)(J(x,i)) ∼= X(Ix(J(x,i))).

That is, if we replace the points in a replacement X(Ix) by orders J(x,i), then the
resulting order X(Ix)(J(x,i)) is isomorphic to the order obtained by first forming,
for each x ∈ X, the replacement Ix(J(x,i)), and then forming the replacement
X(Ix(J(x,i))).

If Ix = Y for all x ∈ X, then the replacement X(Ix) is called the lexicographic
product of X and Y and denoted XY . Discrete products of the form nY , ωY , ω∗Y ,
and ZY will arise frequently in our study of (LO,+).

Products distribute over sums on the right:

(A+B)C ∼= AC +BC

for all A,B,C ∈ LO. More generally, products distribute over replacements on the
right: given a replacement X(Ix) and an order A, we have

X(Ix)A ∼= X(IxA).

This follows from the general associativity law above. Products do not in general
distribute over replacements (or sums) on the left.

2.7. Condensations. An equivalence relation ∼ on X is a condensation if every
∼-class is an interval of X.

We reserve the symbol ∼ for condensations, and use E for more general equiv-
alence relations. Instead of [x]∼ or [x], we write γ∼(x) or γ(x) for the ∼-class of a
given x ∈ X. The set of ∼-classes is denoted both by X/∼ and X/γ, depending on
context. We view γ as a map γ : X → X/∼ called the condensation map.

Since X/∼ is a collection of pairwise disjoint intervals in X, the induced order
on X/∼ is a linear order. We view X/∼ as equipped with this order. Then the
condensation map γ is a surjective order-homomorphism of X onto X/∼, i.e. a
surjective map satisfying x < y ⇒ γ(x) ≤ γ(y).

Conversely, any surjective order-homomorphism γ : X → L from X onto an
order L induces a condensation of X defined by

x ∼γ y if γ(x) = γ(y)
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and we have X/γ ∼= L.
Given a replacement X(Ix), the map γ : X(Ix) → X defined by γ(x, i) = x is a

surjective order-homomorphism. It induces the replacement condensation on X(Ix)
defined by the rule

(x, i) ∼ (y, j) if x = y.

The replacement condensation condenses each of the orders Ix back to a point,
yielding X(Ix)/γ ∼= X.

3. Partial convex self-embeddings of linear orders

Arithmetic identities over (LO,+) are often naturally represented by systems of
partial convex embeddings on a linear order X. In this section, we examine the
basic dynamical structure of such embeddings.

Definition 3.1. A partial convex self-embedding of X is a convex embedding f :
K → X whose domain K is an interval in X.

For the remainder of this section, let f : K → X denote a fixed partial convex
self-embedding of X with domain K. Then f−1 is a partial convex self-embedding
of X with domain f [K].

Label K = [c, d] by its endcuts and identify f with its unique extension to
K ∪ Cut(K). We view f as defined at c and d, so that f [K] = [f(c), f(d)].

The extent of f , denoted ext(f), is the convex closure of K ∪ f [K].
If K ∩ f [K] ̸= ∅, then ext(f) = K ∪ f [K], in which case we say f is overlapping.

In practice, most of the partial convex self-embeddings we consider are overlapping.

Definition 3.2.

i. If f [K] < K (i.e. f(d) ≤ c), then f is a left push; if f [K] > K (i.e.
f(c) ≥ d), then f is a right push.

ii. If f [K] ⊆ K (i.e. f(c) ≥ c and f(d) ≤ d), then f is a compression.
iii. If K ⊆ f [K] (i.e. f(c) ≤ c and f(d) ≥ d), then f is an expansion.
iv. If f(c) < c < f(d) < d, then f is a left slide; if c < f(c) < d < f(d), then f

is a right slide.

Notice that f is overlapping exactly when f is a compression, expansion, or slide.

3.1. Orbits. Fix a point or cut x ∈ K ∪ f [K]. For an integer n ≥ 0, fn(x) denotes
the n-fold iterate (ff · · · f)(x), whenever this iterate is defined. For n < 0, fn(x)
denotes (f−1)(−n)(x).

The orbit of x under f , denoted of (x), is the set of defined f -iterates of x:

of (x) = {fn(x) : n ∈ Z, fn(x) is defined}.
Notice of (y) = of (x) if and only if y ∈ of (x), if and only if y = fn(x) for some
n ∈ Z. Note also that of (x) = of−1(x).

Since x ∈ K ∪f [K], at least one of f(x) and f−1(x) is defined and thus included
in of (x). Either there exists a least N ≥ 0 such that fN+1(x) is undefined, or
fn(x) is defined for all n ≥ 0. Symmetrically, there is either a least M ≥ 0 such
that f−(M+1)(x) is undefined, or fm(x) is defined for all m ≤ 0. Thus of (x) has
one of the following forms:

{. . . , f−1(x), x, f(x), f2(x), . . .},
{f−M (x), f−M+1(x), . . .},
{. . . , fN−1(x), fN (x)},
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{f−M (x), f−M+1(x), . . . , x, . . . , fN−1(x), fN (x)}.
If f(x) > x, then f is increasing at x. In this case, since f is order-preserving

it follows inductively that fn(x) < fn+1(x) for every n ∈ Z for which fn(x) and
fn+1(x) are both defined. Thus of (x) has one of the following forms:

. . . < f−1(x) < x < f(x) < f2(x) < . . .,
f−M (x) < f−M+1(x) < . . .,
. . . < fN−1(x) < fN (x),
f−M (x) < f−M+1(x) < . . . < x < . . . < fN−1(x) < fN (x).

We describe these situations respectively by saying of (x) is an increasing Z-orbit,
ω-orbit, ω∗-orbit, or finite orbit. Orbits of the latter three forms are truncated, on
the left, right, and both sides, respectively.

If f(x) < x, then f is decreasing at x. The possible forms for of (x) in this case
are obtained from the increasing forms by replacing < with >.

If f(x) = x, then f fixes x. Then of (x) = {x} is a singleton orbit. By convention,
singleton orbits are non-truncated.

3.2. Orbitals of endcuts.

Definition 3.3. Suppose x ∈ Cut(K). Define

Ax,f = [{x, f(x)}].
We call Ax,f the f -jump at the cut x.

When x is a point, Ax,f is not defined.
Any two cuts from the same orbit have isomorphic jumps. More precisely, given

x ∈ Cut(K) and n ∈ Z, if fn(x) and fn+1(x) are both defined we have

fn[Ax,f ] = [{fn(x), fn+1(x)}] = Afn(x),f .

Since fn[Ax,f ] ∼= Ax,f , we have Ax,f
∼= Afn(x),f .

Our next goal is to define, for each point or cut x ∈ K ∪ f [K], the orbital Of (x)
of x under f .

Abstractly, Of (x) is the smallest convex subset of ext(f) containing of (x) that
is invariant under both f and f−1. Often, it is just conv(of (x)), but for points or
cuts near the endcuts of K, it may be a strict superset of conv(of (x)).

We will take a more concrete approach to the definition by first defining the
orbitals Of (c) and Of (d) of the endcuts of K directly, and then working inward.
An important arithmetic feature of orbitals is that they may be decomposed as
discrete sums of f -jumps.

We begin with the left endcut c. The definition of Of (c) depends on the structure
of the orbit of (c).

Case (1.): f(c) = c. In this case, define Of (c) = of (c) = {c}.
Case (2.): f(c) > c.

→ Case (2.1): of (c) is finite. In this case, let N ≥ 1 be least such that fN+1(c)
is undefined. Since f is increasing at c and c is the left endcut of the domain of f ,
f−1(c) is undefined. Thus of (c) consists of the points

c < f(c) < f2(c) < . . . < fN−1(c) < fN (c).

We claim fN−1(c) ≤ d < fN (c). Indeed, if fN (c) ≤ d, then fN (c) ∈ [c, d] = K and
fN+1(c) would be defined; and if d < fN−1(c), then fN (c) would lie strictly above
f(d) and hence outside of f [K], both impossible. Thus fN (c) ≤ f(d) as well.
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Tracking backward, we have fN−1−k(c) ≤ f−k(d) < fN−k(c) ≤ f−k+1(d) for
0 ≤ k ≤ N − 1. it follows that of (d) consists of the points

f−(N−1)(d) < f−(N−2)(d) < . . . < d < f(d).

Since f is increasing at both c and d, ext(f) = [c, f(d)].
The cut sequence

c < f(c) < f2(c) < . . . < fN−1(c) < fN (c) ≤ f(d)

spans ext(f) = [c, f(d)] and yields the sum decomposition

(3.1)
ext(f) ∼= [c, f(c)] + [f(c), f2(c)] + · · ·+ [fN (c), f(d)]

∼= Ac,f +Af(c),f + · · ·+AfN−1(c),f +B
∼= NAc,f +B

where B = [fN (c), f(d)]. Observe that B is isomorphic to the initial segment
[c, f−(N−1)(d)] of Ac,f .

We have that f is overlapping when N > 2, or when N = 2 and B ̸= ∅. The case
when N = 2 and B = ∅ occurs when f(c) = d, i.e. when K and f [K] are directly
adjacent but non-intersecting intervals in X.

We view f as acting on the sum decomposition 3.1 by mapping each copy Afn(c),f

of Ac,f onto the copy Afn+1(c),f to its right for n < N − 1, and mapping the initial

segment f−1[B] = [fN−1(c), d] of AfN−1(c),f onto B.
Notice that 3.1 restricts to a decomposition of K = dom(f) = [c, d]:

(3.2)
[c, d] ∼= [c, f(c)] + · · ·+ [fN−2(c), fN−1(c)] + [fN−1(c), d]

∼= Ac,f +Af(c),f + · · ·+AfN−2(c),f + f−1[B]
∼= (N − 1)Ac,f +B,

Now let C = [d, fN (c)], so that

Ad,f = [d, f(d)] ∼= [d, fN (c)] + [fN (c), f(d)] = C +B.

Observe

AfN−1(c),f
∼= [fN−1(c), d] + [d, fN (c)] = f−1[B] + C ∼= B + C.

Hence Ac,f
∼= B + C as well. Thus we obtain from the sum decomposition 3.1 the

alternate decomposition in terms of the jump Ad,f :

ext(f) ∼= NAc,f +B
∼= Ac,f +Ac,f + · · ·+Ac,f +B
∼= (B + C) + (B + C) + · · · (B + C) +B
∼= B + (C +B) + · · ·+ (C +B) + (C +B)
∼= B +NAd,f .

This decomposition can also be obtained directly from the cut sequence

c < f−N+1(d) < f−N+2(d) < . . . < d < f(d)

consisting of the left endcut c and the cuts in of (d).
In this case, we define the orbital of c to be

Of (c) = ext(f) = [c, f(d)],

and call the orbital finitary.
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Further, for every point or cut x ∈ K ∪ f [K], we define Of (x) = Of (c). In
particular, Of (d) = Of (c). From above, we have two sum representations of this
orbital in terms of the jumps Ac,f and Ad,f :

(3.3)
Of (c) ∼= NAc,f +B

∼= B +NAd,f
∼= Of (d).

→ Case (2.2): of (c) is infinite. In this case, of (c) is an increasing ω-orbit con-
sisting of the points

c < f(c) < f2(c) < . . . .

In this case we define the orbital of c to be the convex closure of its orbit,

Of (c) = conv(of (c))

and call Of (c) an ω-orbital. Further, for every point or cut x ∈ Of (c) we also define
Of (x) = Of (c).

Since fn(c) is defined for every n ∈ ω, of (c) is a subset of the domain K = [c, d]
of f . Thus Of (c) is initial not only in ext(f) but in K.

We have that Of (c) decomposes as an ω-sum of the initial jump Ac,f :

(3.4)
Of (c) ∼= [c, f(c)] + [f(c), f2(c)] + [f2(c), f3(c)] + · · ·

∼= Ac,f +Ac,f(c) +Ac,f2(c) + · · ·
∼= ωAc,f .

We view f as acting on this decomposition by mapping each copy of Ac,f onto the
copy to its right. Observe that f ↾ Of (c) is a final self-embedding of Of (c) onto its
final segment beginning at f(c).

Case (3.): f(c) < c. In this case, write f ′ = f−1 and c′ = f(c). Then f ′ is

a partial convex self-embedding of X on the domain K ′ = f [K] with left endcut
c′, and f ′(c′) > c′. Use the conventions above to define Of ′(c′). Then define
Of (c) = Of ′(c′) = Of−1(f(c)).

There are two cases as before, and they yield sum decompositions of Of (c) of
the same forms, the difference being that now f is decreasing Of (c) instead of
increasing.

If of (c) is finite, Of (c) is finitary and we again have decompositions of the form

Of (c) = Of (d) = ext(f) = [f(c), d] ∼= NAc,f +B ∼= B +NAd,f .

If of (c) is infinite, Of (c) is an ω-orbital and we again have

Of (c) ∼= ωAc,f .

We now turn to the right endcut d. The conventions for defining the orbital
Of (d) are symmetric with the definition of Of (c).

If of (d) = {d}, then Of (d) = {d}.
If of (d) is finite, then Of (d) = ext(f) = Of (c). We say the orbital is finitary

and we have sum decompositions of the form

Of (d) ∼= B +NAd,f
∼= NAc,f +B
∼= Of (c).

If of (d) is an ω∗-orbit, we define Of (d) = conv(of (d)). We say Of (d) is an
ω∗-orbital and we have the decomposition

Of (d) ∼= ω∗Ad,f .
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We view f as acting on these sum decompositions for Of (d) by shifting each
copy (or partial copy) of Ad,f in the domain K onto the copy to its left (when f is
decreasing) or right (when f is increasing).

It remains to define the orbitals Of (x) for points or cuts x ∈ K ∪ f [K] not
belonging to Of (c) or Of (d).

For such an x to exist, we must have Of (c) < Of (d). Suppose this is the case
and let c′ denote the cut at the right of Of (c) (which coincides with c if Of (c) is a
singleton), and let d′ denote the cut at the left of Of (d).

Label Of (c) = [c, c′] by its endcuts. From the definition of Of (c), we have
f [Of (c)] = [f(c), c′], that is, f [[c, c′]] = [f(c), c′]. Since f is convex, we also have
f [[c, c′]] = [f(c), f(c′)], and it follows f(c′) = c′. That is, f fixes the cut at the
right of Of (c). Symmetrically, f(d′) = d′. More generally, f(b) = b for any cut b
on a non-truncated side of an f -orbit.

Fix a point or cut x ∈ K ∪ f [K] with Of (c) < x < Of (d). Then c′ ≤ x ≤ d′.
Hence fn(c′) ≤ fn(x) ≤ fn(d′) for any n ∈ Z, which gives c′ ≤ fn(x) < d′ for any
n ∈ Z. In particular, fn(x) is defined for every n ∈ Z, and it follows that of (x) is
either a Z-orbit or a singleton.

In either case, we define Of (x) = conv(of (x)). Notice that Of (y) = Of (x) if
and only if y ∈ conv(of (x)), if and only if conv(of (y)) = conv(of (x)).

If of (x) is an increasing Z-orbit, then it consists of the sequence

. . . < f−1(x) < x < f(x) < f2(x) < . . . .

If x is a cut, this sequence yields the Z-sum decomposition

Of (x) ∼= · · ·+ [f−1(x), x] + [x, f(x)] + [f(x), f2(x)] + · · ·
∼= · · ·+Af−1(x),f +Ax,f +Af(x),f + · · ·
∼= ZAx,f .

We view f as acting on this sum by shifting each copy of Ax,f onto the copy to its
right. The situation is symmetric if of (x) is a decreasing Z-orbit.

In summary, ext(f) decomposes as a pairwise disjoint collection of orbitals: an
initial orbital Of (c), which is either a singleton orbital, finitary orbital, or ω-orbital,
a final orbital Of (d), which is either a singleton, finitary, or an ω∗-orbital, and a
(possibly empty) collection of intermediate orbitals Of (x), each of which are either
singletons or Z-orbitals.

Further, we have Of (c) = Of (d) if and only if one (equivalently, both) of these
orbitals is finitary, in which case Of (c) = Of (d) = ext(f) and f is either increasing
or decreasing on all of K.

From this, we get the following relationships between the orbital decomposition
of f and its designation from Definition 3.2:

i. If f is a push, then Of (c) = Of (d).
ii. If f is an expansion or compression, then f is non-increasing at one of the

endcuts c, d and non-decreasing at the other; hence Of (c) < Of (d).
iii. If f is a slide, then it may be that either Of (c) = Of (d) or Of (c) < Of (d).

4. Basic arithmetic in (LO,+)

Here we collect the basic arithmetic facts about discrete sums in (LO,+) that
we will need in later sections. Many of these results are due to one or both of
Lindenbaum [6] and Tarski [9].
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Perhaps the fundamental observation about sums of linear orders is Linden-
baum’s Theorem 4.11, along with its alternate form 4.14. In the language of the
previous section, it says that if f : K → X is a compression that does not fix
either endcut of its domain K = [c, d], then Of (c) is an ω-orbital and Of (d) is an
ω∗-orbital.

Cut conventions: When working with isomorphisms or convex embeddings of
discrete sums, we will often label cuts in the target order corresponding to cuts at
the + signs in the embedded sum.

For example, suppose X = [c, d] is a linear order labeled by its endcuts, and
X ∼= A0+A1+A2. A cut sequence in X witnessing this isomorphism is a sequence
of cuts of the form

c = a0 < a1 < a2 < a3 = d

where [ai, ai+1] ∼= Ai for 0 ≤ i ≤ 2. Sometimes we double label such cuts. For
example, if X ∼= A+B we may write

c = al < ar = bl < br = d

for a sequence witnessing this decomposition, i.e. for which we have [al, ar] ∼= A
and [bl, br] ∼= B. When there is no danger of confusion, we sometimes informally
identify such orders with their corresponding segments in X. For example, given a
map f : X → Y , we may write f [A] for the image of [al, ar] under f .

Proposition 4.1.

i. X ⩽init Y if and only if Y ∼= X +A for some A ∈ LO;
ii. X ⩽fin Y if and only if Y ∼= A+X for some A ∈ LO;
iii. X ⩽conv Y if and only if Y ∼= A+X +B for some A,B ∈ LO.

Proof. Clear. □

Proposition 4.2.

i. If X ⩽init Z and Y ⩽init Z, then either X ⩽init Y or Y ⩽init X.
ii. If X ⩽fin Z and Y ⩽fin Z, then either X ⩽fin Y or Y ⩽fin X.

Proof. Clear. □

Proposition 4.3.

i. If B ⩽init C then A+B ⩽init A+ C.
ii. If B ⩽fin C, then B +A ⩽fin C +A.

Proof. For (i.): B ⩽init C implies C ∼= B + D for some D by Proposition 4.1.
Hence A+ C ∼= A+B +D, and so A+B ⩽init A+ C by the same proposition.

The proof for (ii.) is symmetric. □

Proposition 4.4. If A+B ⩽conv X + Y , then either A ⩽conv X or B ⩽conv Y .

Proof. Label X + Y = [c, d] by its endcuts. Let p denote the cut at the + sign in
X + Y , so that [c, p] ∼= X and [p, d] ∼= Y . Let

al < ar = bl < br

be a sequence of cuts in X + Y witnessing A + B ⩽conv X + Y , i.e. such that
[al, ar] ∼= A and [bl, br] ∼= B. If ar ≤ p then [al, ar] ⊆ [c, p], which witnesses
A ⩽conv X. Symmetrically, if ar ≥ p, then B ⩽conv Y . □
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Corollary 4.5. Fix a natural number n ≥ 1. If

A0 +A1 + · · ·+An−1 ⩽conv B0 +B1 + · · ·+Bn−1,

then Ai ⩽conv Bi for some i < n.

Proof. By induction on n. The claim for n = 1 is immediate.
Assume the result for n and suppose A0+A1+ · · ·+An ⩽conv B0+B1+ · · ·+Bn.

Writing this as

(A0 + · · ·+An−1) +An ⩽conv (B0 + · · ·+Bn−1) +Bn,

Proposition 4.4 gives that either A0 + · · · + An−1 ⩽conv B0 + · · · + Bn−1, which
yields the claim by induction, or An ⩽conv Bn, which also yields the claim. □

Proposition 4.6. (Tarski’s directed refinement postulate; cf. [9, 1.1.III]):

i. If
∑

i∈ω Ai ⩽conv X + Y , either
∑

i∈ω Ai ⩽conv X or
∑

i∈ω Ai+k0
⩽conv Y

for some k0 ∈ ω.
ii. If

∑
i∈ω∗ Ai ⩽conv X + Y , either

∑
i∈ω∗ Ai ⩽conv Y or

∑
i∈ω∗ Ai+k0

⩽conv

X for some k0 ∈ ω.

Proof. For (i.): Label X + Y = [c, d] and let p be the cut at the + sign. Fix an
increasing sequence of cuts

a0 < a1 < . . .

in X + Y such that [ai, ai+1] ∼= Ai for all i ∈ ω, and let b denote the cut at
the right of this sequence. If b ≤ p, then the sequence ai lies entirely in X and
witnesses

∑
i∈ω Ai ⩽conv X. If b > p, let k0 be least such that ak0

≥ p. Then the
tail-sequence ai+k0

lies in Y and witnesses
∑

i∈ω Ai+k0
⩽conv Y .

The proof for (ii.) is symmetric. □

Induction yields the following n-sum version of Proposition 4.6.

Corollary 4.7. Fix a natural number n ≥ 1.

i. If
∑

i∈ω Ai ⩽conv X0 +X1 + · · ·+Xn−1, then there is a natural number k0
and index i0 < n such that

∑
i∈ω Ai+k0 ⩽conv Xi0 .

ii. If
∑

i∈ω∗ Ai ⩽conv X0 +X1 + · · · +Xn−1, then there is a natural number
k0 and index i0 < n such that

∑
i∈ω∗ Ai+k0 ⩽conv Xi0 .

Since for any natural number k0 we have ωA =
∑

i∈ω Ai =
∑

i∈ω Ai+k0
, where

Ai = A for all i ∈ ω (and symmetrically, for ω∗A), Corollary 4.7 yields the following.

Corollary 4.8. Fix a natural number n ≥ 1.

i. If ωA ⩽conv X0 +X1 + · · ·+Xn−1, then ωA ⩽conv Xi0 for some i0 < n.
ii. If ω∗A ⩽conv X0 +X1 + · · ·+Xn−1, then ω∗A ⩽conv Xi0 for some i0 < n.

Lemma 4.9. The following identities hold:

i. A+ ωA ∼= ωA;
ii. ω∗B +B ∼= B.

Proof. For (i.): Informally, we have

A+ ωA ∼= A+ (A+A+ · · · ) ∼= A+A+A+ · · · = ωA.

Formally, by definition we have

ωA = {(n, a) : n ∈ ω, a ∈ A}
A+ ωA = {(0, a) : a ∈ A} ∪ {(1, (n, a)) : n ∈ ω, a ∈ A}
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both with the lexicographic ordering. The map f : A + ωA → ωA defined by
f(0, a) = (0, a) and f(1, (n, a)) = (n+ 1, a) is an isomorphism.

The proof for (ii.) is symmetric. □

One way to justify the informal associativity argument in the proof above is
to show directly the visually obvious fact that 1 + ω ∼= ω, and then quote right
distributivity of the product to write A+ ωA ∼= (1 + ω)A ∼= ωA.

We will sometimes make use of similarly basic (and visually clear) additive and
multiplicative absorption properties of the discrete orders ω, ω∗, and Z, sometimes
without explicit justification. For example, for any natural number n ≥ 1 we have
ωn ∼= ω, ω∗n ∼= ω∗, and Zn ∼= Z, which yields the following proposition.

Proposition 4.10. For any n ∈ ω, the following identities hold:

i. ω(nX) ∼= ωX;
ii. ω∗(nX) ∼= ω∗X;
iii. Z(nX) ∼= ZX.

Theorem 4.11. (Lindenbaum; [6, 3.1]) X ∼= A +X + B if and only if there is a
linear order C such that X ∼= ωA+ C + ω∗B.

Proof. The backward direction follows from Lemma 4.9 and the associativity of the
sum. So assume X ∼= A +X + B and label X = [c, d] by its endcuts. We assume
A and B are non-empty; the argument is similar when one or both of these orders
is empty.

Fix a sequence of cuts

c = al < ar = xl < xr = bl < br = d

in X witnessing the isomorphism X ∼= A + X + B, i.e. such that [al, ar] ∼= A,
[xl, xr] ∼= X, and [bl, br] ∼= B.

Fix an isomorphism f : X → [xl, xr]. Then f is a convex self-embedding of X
with

Ac,f = [c, f(c)] = [al, ar] ∼= A,

and similarly Ad,f
∼= B. Hence Of (c) ∼= ωA and Of (d) ∼= ω∗B, and these orbitals

are disjoint since f is increasing at c and decreasing at d. Letting cl, cr denote
the cuts at the right of Of (c) = [c, cl] and left of Of (d) = [cr, d] respectively, and
letting C = [cl, cr], we have

X ∼= [c, cl] + [cl, cr] + [cr, d]
∼= ωA+ C + ω∗B,

as claimed. □

Definition 4.12.

i. X absorbs A on the left if A+X ∼= X;
ii. X absorbs A on the right if X +A ∼= X.

Corollary 4.13. (cf. [9, 1.25])

i. X absorbs A on the left if and only if ωA ⩽init X;
ii. X absorbs A on the right if and only if ω∗A ⩽fin X.

Proof. For (i.): Since ωA ⩽init X implies X ∼= ωA + C for some linear order C,
the forward direction follows from Lemma 4.9. For the backward direction, apply
Theorem 4.11 with B = ∅.

The proof for (ii.) is symmetric. □
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Theorem 4.14. (Lindenbaum; [6, 3.2]) X ∼= A+X +B if and only if X ∼= A+X
and X ∼= X +B.

Proof. If X ∼= A + X + B, then ωA ⩽init X and ω∗B ⩽fin X by Theorem 4.11.
By Corollary 4.13, A+X ∼= X +B ∼= X.

Conversely, if A+X ∼= X andX+B ∼= X, thenX ∼= A+(X+B) ∼= A+X+B. □

Corollary 4.15. (Lindenbaum; [6, 3.3]) If X ⩽init Y and Y ⩽fin X then X ∼= Y .

Proof. The hypotheses give Y ∼= X + B and X ∼= A + Y for some orders A and
B. Hence X ∼= A + X + B, which gives X ∼= X + B by Theorem 4.14, and so
X ∼= Y . □

Corollary 4.16. If X ⩽init Y , X ⩽fin Y , and Y ⩽conv X, then X ∼= Y .

Proof. The hypotheses X ⩽fin Y and Y ⩽conv X give that Y ∼= A + X and
X ∼= C + Y + D for some A,C,D. Thus X ∼= C + A + X + D, which gives
X ∼= C +A+X by Theorem 4.14. Hence X ∼= C + Y , and so Y ⩽fin X. But then
since X ⩽init Y , we have X ∼= Y by Corollary 4.15. □

Corollary 4.17. If X ∼= A+X +M +X +B then X ∼= X +M +X.

Proof. Twice applying Theorem 4.14, we have

X ∼= A+X + (M +X +B) ⇒ X ∼= X + (M +X +B)
∼= (X +M) +X +B,

⇒ X ∼= (X +M) +X
∼= X +M +X,

as claimed. □

Corollary 4.18. 2X ∼= X if and only if 2X ⩽conv X.

Proof. As isomorphisms are convex embeddings, the forward direction is immediate.
If 2X ⩽conv X, then X ∼= A + X + X + B for some A,B. Now apply Corollary
4.17 with M = ∅. □

Definition 4.19. X is splitting if 2X ∼= X.

Corollary 4.18 says that X is splitting if and only if 2X ⩽conv X. Observe that
X is splitting if and only if nX ∼= mX for every pair of integers n,m ≥ 1.

Theorem 4.20. (Tarski; [9, 1.47]) The following are equivalent:

i. There exist natural numbers n < m such that mX ⩽conv nX.
ii. For every pair of natural numbers n,m ≥ 1, nX ∼= mX (i.e., X is splitting).

Proof. Assume (i.). Since mX ∼= nX + (m − n)X we have nX ⩽init mX. Sym-
metrically, nX ⩽fin mX. Since also mX ⩽conv nX, Corollary 4.16 implies
mX ∼= nX. Writing this as (m − n)X + nX ∼= nX, it follows from Theorem
4.11 that ω(m− n)X ⩽init nX, which gives ωX ⩽init nX.

From this and Corollary 4.8 it follows ωX ⩽conv X. Since 2X ⩽init ωX, we
have 2X ⩽conv X. Hence 2X ∼= X by Corollary 4.18, which gives (ii.).

The reverse direction is immediate. □

Theorem 4.20 immediately yields the following, which says that the finite mul-
tiples of a given linear order are either pairwise distinct or all isomorphic.
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Corollary 4.21. (The splitting dichotomy) Exactly one of the following holds:

i. For every pair of natural numbers n ̸= m, nX ≁= mX;
ii. For every pair of natural numbers n,m ≥ 1, nX ∼= mX (i.e., X is splitting).

The following theorem gives left and right-sided finite cancellation laws for LO.

Theorem 4.22. (Tarski; [9, 1.45]) Fix a natural number n ≥ 1.

i. If nA ⩽init nB, then A ⩽init B;
ii. If nA ⩽fin nB, then A ⩽fin B.

Proof. For (i.): By induction on n. The claim is immediate for n = 1. Assume the
claim for n, and suppose (n+ 1)A ⩽init (n+ 1)B.

Write (n+1)A = A0 +A1 + · · ·+An and (n+1)B = B0 +B1 + · · ·+Bn where
Ai = A and Bi = B for all i ≤ n. Fix an initial embedding f : (n+1)A → (n+1)B.
Then either f [A0] is initial in B0, which witnesses A ⩽init B and we are done, or
B0 is initial in f [A0], which witnesses B ⩽init A.

In the second case f [A1 + · · ·+An] is convex in B1 + · · ·+Bn, which witnesses
nA ⩽conv nB. Then Corollary 4.5 implies A ⩽conv B. Thus in this second case we
have both that A ∼= B+X and B ∼= Y +A+Z for some X,Y, Z ∈ LO. Substituting,
this gives A ∼= Y +A+Z +B, which yields A ∼= Y +A by 4.14. Hence B ∼= A+Z,
and so A ⩽init B, and we are again done.

The proof for (ii.) is symmetric. □

Lindenbaum’s cancellation theorem 1.1 follows from Theorem 4.22.

Theorem 4.23. Suppose there is a natural number n ≥ 1 such that nA ∼= nB.
Then A ∼= B.

Proof. Since nA ∼= nB implies nA ⩽init nB, we have A ⩽init B by Theorem 4.22.
On the other hand, nA ∼= nB also implies nB ⩽fin nA, which gives B ⩽fin A.
Now A ∼= B follows from 4.15. □

Central to our study of (LO,+) will be various notions of “archimedean compa-
rability” between orders A and B. A reasonable candidate for such a notion would
be to define A and B as comparable if A is convexly embeddable in some finite
multiple nB of B, and B is in turn convexly embeddable in some finite multiple
mA of A.

For the problems we consider, it turns out to be more useful to view A and
B as comparable when a connected pair of A’s can be embedded in some finite
multiple of B, and vice versa. The following proposition says that for orders that
are comparable in this sense, one is splitting if and only if the other is splitting.

Lemma 4.24. Suppose 2A ⩽conv nB and 2B ⩽conv mA for some natural numbers
n,m ≥ 1. Then A is splitting if and only if B is splitting.

Proof. Suppose first that A is splitting. Then 2A ∼= mA, and so 2B ⩽conv A. We
also have 2A ∼= nA, and so nA ⩽conv nB, which yields A ⩽conv B by 4.5. By
transitivity of ⩽conv, 2B ⩽conv B. Then B is splitting by 4.18, as desired.

The argument for the converse is symmetric. □

Definition 4.25. Define A ∼conv B if there exist natural numbers n,m ≥ 1 such
that 2A ⩽conv nB and 2B ⩽conv mA.

Thus Lemma 4.24 says that whenever A ∼conv B, A is splitting if and only if B
is splitting.
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5. Euclidean algorithms for almost commuting pairs

We define Euclidean algorithms for pairs of linear orders A,B that, in a one-
sided sense, almost additively commute. The left-sided version of the algorithm
applies to pairs satisfying the relation

B +A ⩽init A+B.

The symmetric right-sided version applies to pairs satisfying

B +A ⩽fin A+B.

These algorithms are the basis for the subsequent work in the paper.

5.1. Division setups. Fix A,B ∈ LO such that B + A ⩽init A + B. Label
A+B = [c, d] by its endcuts. Fix a cut sequence

c = a0l < a0r = b0l < b0r = d

where a0r = b0l is the cut at the + sign in A + B, so that [a0l, a0r] ∼= A and
[b0l, b0r] ∼= B. Denote these intervals by A0 and B0, respectively.

Since B +A ⩽init A+B, there is also a cut sequence

c = b1l < b1r = a1l < a1r ≤ d

in A + B where [b1l, b1r] ∼= B and [a1l, a1r] ∼= A. We write B1 and A1 for these
intervals. Let X denote the extra segment [a1r, d]. Then this labeling witnesses
A+B ∼= B +A+X.

Fix isomorphisms τ : A0 → A1 and ρ : B1 → B0, i.e. τ : [a0l, a0r] → [a1l, a1r]
and ρ : [b1l, b1r] → [b0l, b0r]. Then τ and ρ are partial convex self-embeddings of
A+B that are both increasing at the left endcut c.

Observe τ(c) = τ(a0l) = a1l = b1r so that B1 = [c, τ(c)]. Hence B0 = ρ[B1] =
[ρ(c), ρτ(c)]. Similarly, A0 = [c, ρ(c)] and hence A1 = [τ(c), τρ(c)]. The fact that
B1 +A1 is initial in A0 +B0 is expressed by the inequality τρ(c) ≤ ρτ(c) = d.

Either τ(c) ≤ ρ(c) or τ(c) > ρ(c) depending on whether B1 sits initially in A0

or vice versa. In the first case, we say B is the (left) divisor of the (left) dividend
A in the relation B + A ⩽init A+ B, with the terminology reversed in the second
case.

Definition 5.1. Suppose that I = [c, d] is a linear order labeled by its endcuts,
and τ and ρ are partial convex self-embeddings of I satisfying the following left
setup conditions:

i. c ∈ dom(ρ) ∩ dom(τ),
ii. ρ and τ are increasing at c,
iii. ρ(c) ∈ dom(τ) and τ(c) ∈ dom(ρ),
iv. τρ(c) ≤ ρτ(c) = d.

The triple (I = [c, d]; ρ, τ) is a left division setup.
If τ(c) ≤ ρ(c), the setup is in Case (I.).
If τ(c) ≥ ρ(c), the setup is in Case (II.).

Fix a left division setup (I = [c, d]; ρ, τ). Labeling A = [c, ρ(c)] and B = [c, τ(c)],
we have τ [A] = [τ(c), τρ(c)] ∼= A and ρ[B] = [ρ(c), ρτ(c)] ∼= B. The cut sequence
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c < ρ(c) < ρτ(c) = d decomposes I as a sum:

I ∼= [c, ρ(c)] + [ρ(c), ρτ(c)]
∼= A+ ρ[B]
∼= A+B.

Label X = [τρ(c), ρτ(c)]. Then the sequence c < τ(c) < τρ(c) ≤ ρτ(c) = d
yields the decomposition

I ∼= [c, τ(c)] + [τ(c), τρ(c)] + [τρ(c), ρτ(c)]
∼= B + τ [A] +X
∼= B +A+X.

Thus the left setup (I; ρ, τ) witnesses a relation of the form B +A ⩽init A+B.
Conversely, by the preceding discussion such a relation (along with a choice of cuts
and isomorphisms witnessing it) determines a pair of functions ρ, τ that satisfy the
left setup conditions on I = A+B.

We will also call a relation of the form B + A ⩽init A + B (or equivalently,
A+B ∼= B+A+X) a left division setup, with the caveat that an actual left setup
is not determined by such a relation until a pair of cut sequences and isomorphisms
witnessing the relation are fixed.

If they are fixed and labeled as above, then the resulting left setup is in Case (I.)
if B is the divisor of the setup and A the dividend, and Case (II.) if the roles are
reversed. Said another way, Case (I.) corresponds to the dividend being adjacent
to the extra segment X in the isomorphism A+B ∼= B +A+X, and Case (II.) to
the divisor being adjacent to X.

Right division setups are defined symmetrically.

Definition 5.2. Suppose that I = [c, d] is a linear order labeled by its endcuts,
and τ and ρ are partial convex self-embeddings of I satisfying the following right
setup conditions:

i. d ∈ dom(ρ) ∩ dom(τ),
ii. ρ and τ are decreasing at d,
iii. ρ(d) ∈ dom(τ) and τ(d) ∈ dom(ρ),
iv. c = ρτ(d) ≤ τρ(d).

The triple (I = [c, d]; ρ, τ) is a right division setup.
If τ(d) ≥ ρ(d), the setup is in Case (I.).
If τ(d) ≤ ρ(d), the setup is in Case (II.).

If we label the ρ-jump [ρ(d), d] (now beginning from the right) by A and the τ
jump [τ(d), d] by B, then a right division setup corresponds to a relation of the
form A+B ⩽fin B +A, or equivalently X +A+B ∼= B +A.

If ρ(d) ≤ τ(d), then B is the right divisor and A the right dividend of the system,
and the roles reverse if τ(d) ≤ ρ(d). Again, Case (I.) corresponds to the dividend
being adjacent to the extra segment X, and Case (II.) the divisor.

A symmetric setup is a left setup (I = [c, d]; ρ, τ) satisfying τρ(c) = ρτ(c) = d.
Symmetric setups correspond to commuting isomorphisms A + B ∼= B + A. Since
there is no gap segment X for symmetric setups, the distinction between Cases (I.)
and (II.) vanishes.
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5.2. Stage of the left Euclidean algorithm. We define a stage of the left-sided
Euclidean algorithm and then walk through an instance of such a stage. A stage
for the right-sided algorithm is defined symmetrically.

Definition 5.3. A stage of the left-sided Euclidean algorithm is executed as follows:
INPUT: a left setup (I = [c, d]; ρ, τ).

– CASE (I.):
– Subcase (I.i): τn(c) < ρ(c) for every n ≥ 0. STOP.
– Subcase (I.ii): τN (c) = ρ(c) for some N ≥ 1. STOP.
– Subcase (I.iii): There exists N ≥ 1 such that τN (c) < ρ(c) < τN+1(c).

→ Let c′ = τN (c);
→ Let I ′ = [τN (c), d] = [c′, d];
→ Let ρ′ = ρτ−N and τ ′ = τ .
→ GOTO next stage on input (I ′ = [c′, d]; ρ′, τ ′).

– CASE (II.):
– Subcase (II.i): ρn(c) < τ(c) for every n ≥ 0. STOP.
– Subcase (II.ii): ρN (c) = τ(c) for some N ≥ 1. STOP.
– Subcase (II.iii): There existsN ≥ 1 such that ρN (c) < τ(c) < ρN+1(c).

→ Let c′ = ρN (c);
→ Let I ′ = [ρN (c), d] = [c′, d];
→ Let τ ′ = τρ−N and ρ′ = ρ.
→ GOTO next stage on input (I ′ = [c′, d]; ρ′, τ ′).

Consider an input left setup (I = [c, d]; ρ, τ). Departing slightly from our conven-
tions above, let A = [c, ρ(c)] and B = [c, τ(c)]. Let X = [τρ(c), ρτ(c)] = [τρ(c), d].
Suppose first the setup is in Case (I.).

In Subcase (I.i), the cut sequence

c < τ(c) < τ2(c) < . . .

traverses the ω-orbital Oτ (c) ∼= ω[c, τ(c)] = ωB. Since the iterates τn(c) lie below
ρ(c), this orbital is initial in A. Hence ωB ⩽init A, and so B+A ∼= A. In this case
we say the algorithm terminates in an absorbed factor.

We remark that Subcase (I.i) must occur if τρ(c) ≤ ρ(c) (i.e. if τ is non-increasing
at ρ(c), i.e. if ρ[B] is a final segment of X) as then τ is a compression of A.

In Subcase (I.ii), the cut sequence

c < τ(c) < . . . < τN (c) = ρ(c)

yields the decomposition

A = [c, ρ(c)]
∼= [c, τ(c)] + [τ(c), τ2(c)] + · · ·+ [τN−1(c), τN (c)]
= B + τ [B] + τ2[B] + · · ·+ τN−1[B]
∼= NB,

and we say the algorithm terminates in a divisor.
In Subcase (I.iii), let A′ = [τN (c), ρ(c)] = [c′, ρ(c)]. We view A′ as the remainder

in the division of A by B from the left. Notice that we have

A = [c, ρ(c)]
∼= [c, τ(c)] + [τ(c), τ2(c)] + · · ·+ [τN−1(c), τN (c)] + [τN (c), ρ(c)]
∼= NB +A′.



24 GARRETT ERVIN AND ERIC PAUL

Now let B′ = τN [B] = [τN (c), τN+1(c)], and notice that we have A′ = [c′, ρ′(c′)]
and B′ = [c′, τ ′(c′)]. Observe that I ′ is traversed by the cut sequence

τN (c) < ρ(c) < τN+1(c) < τρ(c) ≤ ρτ(c) = d.

which is the same as the cut sequence

c′ < ρ′(c′) < τ ′(c′) < τ ′ρ′(c′) ≤ ρ′τ ′(c′) = d.

Thus the input (I ′ = [c′, d]; ρ′, τ ′), on which we GOTO the next stage, is a left
setup in Case (II.).

To express this arithmetically, observe that the subsequence c′ < ρ′(c′) < ρ′τ ′(c′)
yields the decomposition

I ′ ∼= [c′, ρ′(c′)] + [ρ′(c′), ρ′τ ′(c′)]
= A′ + ρ′[B′]
∼= A′ +B′.

whereas the subsequence c′ < τ ′(c′) < τ ′ρ′(c′) ≤ ρ′τ ′(c′) yields the decomposition

I ′ ∼= [c′, τ ′(c′)] + [τ ′(c′), τ ′ρ′(c′)] + [τ ′ρ′(c′), ρ′τ ′(c′)]
= B′ + τ ′[A′] +X
∼= B′ +A′ +X.

Since A′ is initial in B′, we are set up to divide B′ by A′ from the left. This is a
Case (II.) setup since A′ is adjacent to the extra segment X.

Suppose now we begin in Case (II.). The discussion is almost symmetric with
Case (I.).

In Subcase (II.i), ρ witnesses that B has an initial segment isomorphic to ωA.
We note that since ρ is increasing at τ(c) (as ρτ(c) = d > τ(c)), Subcase (II.i) is
never forced to occur in the same sense as is possible for Subcase (I.i).

In Subcase (II.ii), ρ witnesses B ∼= NA.
In Subcase (II.iii), define the remainder B′ = [ρN (c), τ(c)] = [c′, τ(c)]. Then

B = [c, τ(c)] ∼= [c, ρN (c)] + [ρN (c), τ(c)] ∼= NA+B′.

It is straightforward to check that (I ′ = [c′, d]; ρ′, τ ′), the input data on which
we GOTO the next stage, is a left setup in Case (I.). To express this arithmetically,
let A′ = [c′, ρ′(c′)] ∼= A. Then on one hand we have

I ′ = [c′, ρ′τ ′(c′)]
∼= [c′, ρ′(c′)] + [ρ′(c′), ρ′τ ′(c′)]
= A′ + ρ[B′]
∼= A′ +B′,

and on the other,

I ′ ∼= [c′, τ ′(c′)] + [τ ′(c′), τ ′ρ′(c′)] + [τ ′ρ′(c′), ρ′τ ′(c′)]
= B′ + τ ′[A′] +X
∼= B′ +A′ +X.

Since B′ is initial in A′, it is set up to divide A′ from the left, which is a Case (I.)
setup.
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5.3. Run of the left algorithm. Beginning at Stage 0, on an input left setup
(I; ρ, τ) the Euclidean algorithm runs until termination at some finite stage, or
for infinitely many stages. We describe the arithmetic information yielded by the
algorithm in both cases.

Since they will feature in our later results, including the revised version 1.6 of
Tarski’s conjecture 1.5, we will be especially interested in the one-sided infinite
discrete sums ωA and ω∗A of orders A appearing as an additive term at some stage
of the algorithm.

Suppose the algorithm does not terminate before Stage k. Let Ik denote the
interval from the input setup at Stage k, and let Ak and Ak+1 respectively denote
the dividend and divisor at Stage k. Then either

Ik ∼= Ak +Ak+1
∼= Ak+1 +Ak +X

or
Ik ∼= Ak +Ak+1 +X ∼= Ak+1 +Ak

depending on whether the input setup at Stage k is in Case (I.) or (II.).
Non-termination at Stage k: If the algorithm does not terminate at Stage k,

define Ik+1 = I ′k in the notation above. Then for some Nk ≥ 1 we have

Ak
∼= NkAk+1 +Ak+2

where Ak+2 = A′
k in the notation above, and either

Ik+1
∼= Ak+2 +Ak+1

∼= Ak+1 +Ak+2 +X

or
Ik+1

∼= Ak+2 +Ak+1 +X ∼= Ak+1 +Ak+2

depending on whether the output setup at Stage k is in Case (II.) or (I.).
Termination at Stage k: Suppose now the algorithm terminates at Stage k. From

the previous stages we have the system

(5.1)

A0
∼= N0A1 +A2

A1
∼= N1A2 +A3

...
Ak−1

∼= Nk−1Ak +Ak+1.

→ Termination in a divisor: If the algorithm terminates in a divisor, we have
Ak

∼= NkAk+1 for some Nk ≥ 1. We note that if k > 0, then since the input setup
at Stage k does not have ρ(c) = τ(c), termination in a divisor implies that in fact
Nk ≥ 2.

By inductively back substituting into the isomorphisms from the system 5.1 (just
as in the usual Euclidean algorithm), we may write each Ai for i ≤ k as a multiple
Ai

∼= MiAk+1 of Ak+1. Thus for every i ≤ k we have

ωAi
∼= ω(MiAk+1)
∼= ωAk+1.

Likewise
ω∗Ai

∼= ω∗Ak+1,
ZAi

∼= ZAk+1.

In particular, ωAi
∼= ωAj , ω

∗Ai
∼= ω∗Aj and ZAi

∼= ZAj for all i, j ≤ k.
→ Termination in an absorbed factor: If the algorithm terminates in an ab-

sorbed factor, we have Ak+1 +Ak
∼= Ak.
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If k = 0, then A1 +A0
∼= A0, which gives ωA1 ⩽init A0 by 4.13.

If k > 0, then we claim that for each 0 ≤ i ≤ k, there is a positive integer Mi

such that

i. if i is odd, then Ak−i
∼= MiAk +Ak+1;

ii. if i is even, then Ak−i
∼= MiAk.

Indeed, if i = 0, the claim holds with M0 = 1. If i = 1, the last isomorphism in the
system 5.1 gives the claim by taking M1 = Nk−1.

Suppose i > 1 and the claim is true for j < i. If i is even, then by induction we
have

Ak−(i−1)
∼= Mi−1Ak +Ak+1,

Ak−(i−2)
∼= Mi−2Ak.

Then since Ak−i
∼= Nk−iAk−(i−1) +Ak−(i−2) we have

Ak−i
∼= Nk−iAk−(i−1) +Ak−(i−2)
∼= Nk−i(Mi−1Ak +Ak+1) +Mi−2Ak
∼= Mi−1Ak +Ak+1 +Mi−1Ak +Ak+1 + · · ·+Mi−1Ak +Ak+1︸ ︷︷ ︸

Nk−i times

+Mi−2Ak

∼= MiAk,

where Mi = Nk−iMi−1+Mi−2 and in passing from the third to fourth line we have
used Ak+1 + Ak

∼= Ak repeatedly to absorb the Ak+1 terms into the Ak terms at
their right.

If i is odd, then we have

Ak−(i−1)
∼= Mi−1Ak,

Ak−(i−2)
∼= Mi−2Ak +Ak+1.

Then

Ak−i
∼= Nk−iAk−(i−1) +Ak−(i−2)
∼= Nk−iMi−1Ak +Mi−2Ak +Ak+1
∼= MiAk +Ak+1,

where again Mi = Nk−iMi−1 +Mi−2. By induction, the claim is proved.
Thus for 0 ≤ i ≤ k, if i ≡ k (mod 2) we have

ωAi
∼= ω(MiAk)
∼= ωAk;

ω∗Ai
∼= ω∗(MiAk)
∼= ω∗Ak;

ZAi
∼= Z(MiAk)
∼= ZAk.
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If i ≡ k + 1 (mod 2) we have

ωAi
∼= ω(MiAk +Ak+1)
∼= MiAk +Ak+1 +MiAk +Ak+1 + · · ·
∼= MiAk +MiAk + · · ·
∼= ωAk;

ω∗Ai
∼= ω∗(MiAk +Ak+1)
∼= · · ·+MiAk +Ak+1 +MiAk +Ak+1
∼= · · ·+MiAk +MiAk +Ak+1
∼= ω∗Ak +Ak+1;

ZAi
∼= Z(MiAk +Ak+1)
∼= · · ·+MiAk +Ak+1 +MiAk +Ak+1 + · · ·
∼= · · ·+MiAk +MiAk + · · ·
∼= ZAk.

In summary, for all 0 ≤ i, j ≤ k we have ωAi
∼= ωAj

∼= ωAk and ZAi
∼= ZAj

∼=
ZAk. If i ≡ j ≡ k (mod 2) then also ω∗Ai

∼= ω∗Aj
∼= ω∗Ak. If i + 1 ≡ j ≡ k

(mod 2), then ω∗Ai
∼= ω∗Ak +Ak+1

∼= ω∗Aj +Ak+1.
Non-termination: Finally, suppose that the algorithm does not terminate at any

stage. Then after infinitely many stages we have a system of isomorphisms:

(5.2) {Ak
∼= NkAk+1 +Ak+2 : k ∈ ω}.

We will study such systems in later sections. In Section 9, we will show that
frequently (though not always) the infinite discrete sums of the terms appearing in
such systems satisfy the same isomorphisms as in the terminating cases.

More specifically, we will show that if the system 5.2 satisfies a sufficiency hy-
pothesis, then we have ωAi

∼= ωAj and ZAi
∼= ZAj for all i, j ≥ 0; and ω∗Ai

∼= ω∗Aj

for all i, j ≥ 0 with i ≡ j (mod 2). See Theorem 9.21.

5.4. Run of the right algorithm. The right Euclidean algorithm on the input
of a right setup (I = [c, d]; ρ, τ) is defined symmetrically to the left algorithm. We
will not write it out explicitly. Instead, we simply record the analogous arithmetic
data from a run of the algorithm.

Suppose the right algorithm is run on an input right setup (I = [c, d]; ρ, τ). If the
algorithm terminates at Stage k, then from the previous stages we have a system

{Ai
∼= Ai+2 +NiAi+1 : 0 ≤ i < k},

where Ai and Ai+1 denote the dividend and divisor at Stage i of the run.
If the algorithm terminates in a divisor, then each Ai for i ≤ k is a finite multiple

of Ak+1. Then we have ωAi
∼= ωAj

∼= ωAk+1, ω∗Ai
∼= ω∗Aj

∼= ω∗Ak+1 and
ZAi

∼= ZAj
∼= ZAk+1 for all i, j ≤ k + 1.

If it terminates in an absorbed factor, we have Ak + Ak+1
∼= Ak. If k = 0, this

gives A0 + A1
∼= A0 and hence ω∗A1 ⩽fin A0. If k > 0, then for all i ≤ k, there is

a positive integer Mi such that

i. if i ≡ k (mod 2), then Ai
∼= MiAk;

ii. if i ̸≡ k (mod 2), then Ai
∼= Ak+1 +MiAk.

It follows that ω∗Ai
∼= ω∗Aj

∼= ω∗Ak and ZAi
∼= ZAj

∼= ZAk for all i, j ≤ k. If
i ≡ j ≡ k (mod 2) then ωAi

∼= ωAj
∼= ωAk, whereas if i+1 ≡ j ≡ k (mod 2), then

ωAi
∼= Ak+1 + ωAk

∼= Ak+1 + ωAj .
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If the algorithm does not terminate at any stage, then it yields a system

{Ak
∼= Ak+2 +NkAk+1 : k ∈ ω}.

5.5. Symmetric runs. Finally, we record the arithmetic information yielded by
a run of the left algorithm on a symmetric setup (I; ρ, τ). It is straightforward to
check that a run of the right algorithm on the same input yields the same data.

If the algorithm does not terminate before Stage k, then the input interval Ik at
Stage k satisfies

Ik ∼= Ak +Ak+1
∼= Ak+1 +Ak.

Likewise, from the previous stages k′ ≤ k, we have the commuting isomorphisms
Ak′ +Ak′+1

∼= Ak′+1 +Ak′ .
We claim that in fact we have Ai + Aj

∼= Aj + Ai for all i, j ≤ k + 1. Indeed,
suppose we have i, j with i < j−1 ≤ k+1. By back substitution in the isomorphisms
Ak′ ∼= Nk′Ak′+1 + Ak′+2, we may write Ai as a sum of Aj and Aj−1. Since Aj

commutes with Aj and Aj−1, it follows Aj commutes with Ai, as claimed.
Returning to Stage k of the algorithm: if the algorithm terminates in a divisor at

Stage k, then the arithmetic information yielded is the same as in the asymmetric
case: we have ωAi

∼= ωAj
∼= ωAk+1, ω

∗Ai
∼= ω∗Aj

∼= ω∗Ak+1 and ZAi
∼= ZAj

∼=
ZAk+1 for all i, j ≤ k + 1.

If it terminates in an absorbed factor, then Ak+1 + Ak
∼= Ak + Ak+1

∼= Ak.
When k = 0, this gives A1 + A0

∼= A0 + A1
∼= A0, and hence ωA1 ⩽init A0 and

ω∗A1 ⩽fin A0.
If k > 0, then from the previous stage we have the isomorphism

Ak−1
∼= Nk−1Ak +Ak+1.

Since Ak +Ak+1
∼= Ak, this gives Ak−1

∼= Nk−1Ak. Now back substitution into the
previous identities Ai

∼= NiAi+1 + Ai+2 yields the same arithmetic data as if the
algorithm terminated in the divisor Ak at the previous stage: ωAi

∼= ωAj
∼= ωAk,

ω∗Ai
∼= ω∗Aj

∼= ω∗Ak and ZAi
∼= ZAj

∼= ZAk for all i, j ≤ k.
For this reason, in practice we often assume that a terminating run of the algo-

rithm on a symmetric setup terminates in a divisor.
Finally, if the algorithm does not terminate, we finish with a system

{Ak
∼= NkAk+1 +Ak+2 : k ∈ ω}

with the property that the terms Ak appearing in this system pairwise additively
commute. We will see later that in this case we always have ωAi

∼= ωAj and
ω∗Ai

∼= ω∗Aj (and hence ZAi
∼= ZAj) for all i, j ∈ ω.

6. Division systems

In this section we study the systems of isomorphisms Ak
∼= NkAk+1+Ak+2 that

result from runs of the Euclidean algorithm, as well as analogous “rational” systems
arising from repeated divisions without remainders. In proofs of arithmetic results
that involve runs of the algorithm, it is usually only the abstract properties of these
resulting systems that are relevant.

In the definition below we use an indexing variable M that can take the value
ω. We use the convention that when M = ω and n ∈ ω, n+M = M = ω.
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Definition 6.1. Fix M , 1 ≤ M ≤ ω. A left division system D (of length M)
consists of a sequence {Nk : 0 ≤ k < M} of natural numbers Nk ≥ 1, and a
sequence of linear orders {Ak : 0 ≤ k < 2 +M} such that

i. for all k < M , Ak
∼= NkAk+1 +Ak+2;

ii. for all k < 1 +M , Ak ̸= ∅.
We write D = {Ak;Nk;M}.

The system is terminating if M < ω. In this case, the terms AM and AM+1

from the last isomorphism AM−1
∼= NM−1AM +AM+1 satisfy

AM+1 +AM
∼= AM .

If AM+1 ̸= ∅, then the system terminates in an absorbed factor. If AM+1 = ∅, then
the system terminates in a divisor.

The system is non-terminating if M = ω.

The notion of a right division system is defined symmetrically. Such a system
consists of isomorphisms of the form

Ak
∼= Ak+2 +NkAk+1.

A symmetric division system is a left division system in which Ai+Aj
∼= Aj+Ai

for all terms Ai, Aj appearing in the system.
As we observed in Section 5.5, if a symmetric system terminates in an absorbed

factor, its final isomorphism is of the form

AM−1
∼= NkAM +AM+1,

where AM+1 + AM
∼= AM + AM+1

∼= AM . By absorbing its AM+1 term, the final
isomorphism yields AM−1

∼= NkAM . Thus by replacing the final isomorphism with
its absorbed form if necessary, we may always assume that a terminating symmetric
system terminates in a divisor.

Unless it terminates at Stage 0 in an absorbed factor, a run of the left or right
Euclidean algorithm yields a corresponding left or right division system, and a run
from a symmetric setup yields a symmetric system. It can be shown, however,
that there exist non-terminating division systems that do not arise from (non-
terminating) runs of the division algorithm.

Definition 6.2. Fix M , 1 ≤ M ≤ ω. A rational division system D (of length M)
consists of a sequence {Nk : k < M} of natural numbers Nk ≥ 2, and a sequence
of non-empty linear orders {Ak : k < 1 +M} such that for all k < M we have

Ak
∼= NkAk+1.

The system is terminating if M < ω, and non-terminating if M = ω.

The term division system and notation {Ak;Nk;M} refers to either a left system,
right system, or rational system of some length M ≤ ω.

In a left system, either Ak
∼= NkAk+1 + Ak+2 or Ak+1 + Ak

∼= Ak (and hence
ωAk+1 ⩽init Ak) whenever Ak and Ak+1 are both defined. In either case, Ak+1 is
initial in Ak. Further, whenever Ak+2 is defined we have Ak+2 ⩽fin Ak, again as
Ak

∼= NkAk+1 +Ak+2.
Symmetrically, in a right system, Ak+1 is final in Ak and Ak+2 is initial in Ak

whenever these terms are defined. From this observation the proposition below
follows by induction.
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Proposition 6.3. Suppose D = {Ak;Nk;M} is a division system and n < 2+M .

i. If D is a left system, then An ⩽init Ak whenever k ≤ n, and An ⩽fin Ak

whenever k ≤ n and n ≡ k (mod 2).
ii. If D is a right system, then An ⩽fin Ak whenever k ≤ n, and An ⩽init Ak

whenever k ≤ n and n ≡ k (mod 2).
iii. If D is a symmetric or rational system, then An ⩽init Ak and An ⩽fin Ak

whenever k ≤ n.

The next proposition is an arithmetic expression of the heuristic that consecutive
terms from a division system are almost additively commuting.

Proposition 6.4. Suppose D = {Ak;Nk;M} is a division system.

i. If D is a left system, then for all k < M we have

Ak +Ak+1
∼= NkAk+1 +Ak+2 +Ak+1

Ak+1 +Ak
∼= NkAk+1 +Ak+1 +Ak+2.

ii. If D is a right system, then for all k < M we have

Ak+1 +Ak
∼= Ak+1 +Ak+2 +NkAk+1

Ak +Ak+1
∼= Ak+2 +Ak+1 +NkAk+1.

Proof. For (i.): The first isomorphism is immediate from Ak
∼= NkAk+1 + Ak+2.

For the second, we have

Ak+1 +Ak
∼= Ak+1 +NkAk+1 +Ak+2

∼= NkAk+1 +Ak+1 +Ak+2,

as claimed. The proof for (ii.) is symmetric. □

If D = {Ak;Nk;M} is a left or right system, then from the isomorphisms in
Proposition 6.4 we can simulate a run of the left or right Euclidean algorithm.

For example, suppose D is a left system. Let I0 = A0 + A1 and label I0 = [c, d]
by its endcuts. Then from the proposition we have

I0 ∼= N0A1 +A2 +A1

Let c1 be a cut in I0 corresponding to the left + sign in this expression, and let
I1 = [c1, d]. Then

I1 = [c1, d] ∼= A2 +A1
∼= N1A2 +A2 +A3

Let c2 be a cut in I1 corresponding to the left + sign, and let I2 = [c2, d] ∼= A2+A3.
Now iterate. If M < ω, we obtain a cut sequence c < c1 < c2 < . . . < cM < d
witnessing

I0 ∼= N0A1 +N1A2 + · · ·+NM−1AM +R,

where R ∼= AM +AM+1 or R ∼= AM+1 +AM depending on the parity of M .
Similarly, beginning with I ′0 = A1 + A0 = [c′, d′], we obtain a cut sequence

c′ < c′1 < c′2 < . . . < c′M < d′ witnessing

I ′0
∼= N0A1 +N1A2 + · · ·+NM−1AM +R′,

where R′ ∼= AM+1 + AM if R ∼= AM + AM+1 and R′ ∼= AM + AM+1 if R ∼=
AM+1 +AM .

If instead M = ω, then we obtain cut sequences c < c1 < c2 < . . . and c′ < c′1 <
c′2 < . . . with limits b ≤ d and b′ ≤ d′ witnessing

I0 = A0 +A1
∼=

∑
k∈ω NkAk+1 +R

I ′0 = A1 +A0
∼=

∑
k∈ω NkAk+1 +R′
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where R = [b, d] and R′ = [b′, d′]. It need not be that R ∼= R′, but if this is the case
then these decompositions show A0 +A1

∼= A1 +A0.
Taking tails of the sums

∑
k<M NkAk+1 corresponding to the intervals Ik and

I ′k in the decompositions above yields analogous decompositions for pairs Ak +
Ak+1 and Ak+1 + Ak. Again, we may interpret these expressions as showing that
consecutive terms in a left division system are almost pairwise commuting, up to a
difference term on the right. A symmetric discussion holds for right systems.

6.1. A splitting dichotomy theorem for division systems. The following
lemma is useful for proving that terms in a given division system are splitting.
We will use it to prove a splitting dichotomy for division systems in Proposition 6.6
below.

Lemma 6.5. Suppose D = {Ak;Nk;M} is a division system of length M , and fix
k < M .

If D is a left system, then

i. Ak ⩽init (Nk + 1)Ak+1;
ii. Ak ⩽init Ak+1 +Ak;
iii. 2Ak+1 ⩽init 2Ak;
iv. 2Ak+2 ⩽init Ak.

Symmetrically, if D is a right system, then

i. Ak ⩽fin (Nk + 1)Ak+1;
ii. Ak ⩽fin Ak +Ak+1;
iii. 2Ak+1 ⩽fin 2Ak;
iv. 2Ak+2 ⩽fin Ak.

Proof. Suppose first D is a left system and M < ω. Since k < M , we have
Ak

∼= NkAk+1 +Ak+2.
For (i.): Since Ak+2 ⩽init Ak+1, we have

Ak
∼= NkAk+1 +Ak+2 ⩽init NkAk+1 +Ak+1

∼= (Nk + 1)Ak+1,

which gives Ak ⩽init (Nk + 1)Ak+1.
For (ii.): We have

Ak+1 +Ak
∼= Ak+1 + (NkAk+1 +Ak+2) ∼= (Nk + 1)Ak+1 +Ak+2.

Since Ak ⩽init (Nk + 1)Ak+1 by (i.), it follows Ak ⩽init Ak+1 +Ak.
For (iii.): This is immediate if Nk ≥ 2, as then 2Ak+1 ⩽init Ak. Otherwise

Ak
∼= Ak+1 +Ak+2, and so

(6.1) 2Ak
∼= Ak+1 +Ak+2 +Ak+1 +Ak+2.

If k = M − 1, then Ak+2 = AM+1 is left absorbed by Ak+1 = AM , and we deduce
2Ak

∼= 2Ak+1+Ak+2, which gives 2Ak+1 ⩽init 2Ak. If k < M −1, applying (ii.) to
the index k + 1, we have Ak+1 ⩽init Ak+2 + Ak+1. Along with 6.1 this yields the
chain

Ak+1 +Ak+1 ⩽init Ak+1 +Ak+2 +Ak+1 ⩽init 2Ak,

which again gives 2Ak+1 ⩽init 2Ak.
For (iv.): If k = M − 1, then Ak+2 + Ak+1

∼= Ak+1. Hence ωAk+2 ⩽init Ak+1

by 4.13, which certainly implies 2Ak+2 ⩽init Ak.
If k < M−1, we have Ak+1

∼= Nk+1Ak+2+Ak+3. If Nk+1 > 1, then 2Ak+2 ⩽init

Ak+1 and hence 2Ak+2 ⩽init Ak. So supposeNk+1 = 1. Then Ak+1
∼= Ak+2+Ak+3.
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If now Nk > 1, then 2Ak+1 ⩽init Ak. By (iii.) applied to the index k + 1, we
have 2Ak+2 ⩽init 2Ak+1; hence 2Ak+2 ⩽init Ak as well. So suppose finally that
Nk = 1. Then

(6.2) Ak
∼= Ak+1 +Ak+2

∼= Ak+2 +Ak+3 +Ak+2.

If k = M−2, then Ak+3 = AM+1 is absorbed on the left by Ak+2 = AM , and we
deduce Ak

∼= Ak+2+Ak+2
∼= 2Ak+2, which implies 2Ak+2 ⩽init Ak. Otherwise k <

M−2, and then by (ii.) applied to the index k+2 we have Ak+2 ⩽init Ak+3+Ak+2.
Now along with 6.2, we get the chain

2Ak+2
∼= Ak+2 +Ak+2 ⩽init Ak+2 +Ak+3 +Ak+2

∼= Ak,

which yields 2Ak+2 ⩽init Ak in this case as well. This concludes the proof of (iv.).
The proofs when M = ω are the same, without the casework involving absorbed

factors.
The corresponding facts for right systems are proved symmetrically. □

The next two propositions are splitting dichotomy theorems for division systems.
They say essentially that the terms Ak appearing in a division system are either
all splitting or all non-splitting. This is true outright in the case when the system
is non-terminating, and also for arbitrary symmetric and rational systems. For
terminating one-sided systems, the situation is slightly more delicate.

Proposition 6.6. Suppose D = {Ak;Nk;M} is a left or right division system.

i. If M < ω, then Ak is splitting for some k < M if and only if Ak is splitting
for all k ≤ M .

ii. If M = ω, then Ak is splitting for some k ∈ ω if and only if Ak is splitting
for all k ∈ ω.

Proof. For (i.): Suppose that D is a left division system.
We first make the following claim:

(6.3) If k < M and Ak is splitting, then Ak+1 is splitting.

Indeed, assume k < M and Ak
∼= 2Ak. By Lemma 6.5.(i.), Ak ⩽init (Nk +1)Ak+1,

and hence 2Ak ⩽init (Nk + 1)Ak+1. On the other hand, 2Ak+1 ⩽init 2Ak by
6.5.(iii.). Now 4.24 implies Ak+1 is splitting, as claimed.

We next claim:

(6.4) If 1 ≤ k < M and both Ak and Ak+1 are splitting, then Ak−1 is splitting.

Assume the hypothesis of the claim. We will show that in fact Ak−1
∼= Ak+1. Since

k ≥ 1, we have Ak−1
∼= Nk−1Ak + Ak+1, and so Ak+1 ⩽fin Ak−1. On the other

hand, we have

Ak ⩽init (Nk + 1)Ak+1
∼= Ak+1

where the isomorphism holds because Ak+1 is splitting. Similarly,

Ak−1 ⩽init (Nk−1 + 1)Ak
∼= Ak

as Ak is also splitting. Thus we have

Ak−1 ⩽init Ak ⩽init Ak+1

which yields Ak−1 ⩽init Ak+1. Now 4.15 gives Ak−1
∼= Ak+1. In particular, Ak−1

is splitting, as claimed.
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Now we may finish the proof of (i.). Only the forward direction is non-trivial,
so suppose Ak is splitting for some k < M . Then from the claim 6.3 we get by
induction that An is splitting for all k ≤ n ≤ M , and in particular Ak+1 is splitting.
If k = 0, we are done. If k > 0, then 6.4 gives that Ak−1 is splitting. By induction,
An is splitting for all 0 ≤ n ≤ k, and hence for all 0 ≤ n ≤ M .

When M = ω, essentially the same argument applies and yields (ii.). For right
systems, the argument is symmetric. □

Proposition 6.7. Suppose D = {Ak;Nk;M} is a rational system of length M .
Then Ak is splitting for some k if and only if Ak is splitting for all k.

Proof. The isomorphism Ak
∼= NkAk+1 gives 2Ak

∼= 2NkAk+1. It follows that
each pair of consecutive terms Ak, Ak+1 from the system satisfies the hypotheses
of Lemma 4.24. Thus Ak is splitting if and only if Ak+1 is splitting, and the
proposition follows by induction. □

Definition 6.8. A division system {Ak;Nk;M} is non-splitting if Ak is non-
splitting for all 0 ≤ k < M .

Equivalently, by Propositions 6.6 and 6.7, a system is non-splitting if its initial
term A0 is non-splitting. If a system is not non-splitting, it is splitting ; equivalently,
it is splitting if Ak is splitting for every k < M .

The proofs of Propositions 6.6 and 6.7 show that the terms Ak from a splitting
system are pairwise nearly isomorphic. We record this observation in the following
proposition.

Proposition 6.9. Suppose that {Ak;Nk;M} is a splitting division system.

i. If it is a left system, then for all k, k′ < M we have Ak ⩽init Ak′ , and if
k ≡ k′ (mod 2), then Ak

∼= Ak′ .
ii. If it is a right system, then for all k, k′ < M we have Ak ⩽fin Ak′ , and if

k ≡ k′ (mod 2), then Ak
∼= Ak′ .

iii. If it is a symmetric system, then for all k, k′ < M we have Ak
∼= Ak′ .

iv. If it is a rational system, then for all k, k′ ≤ M we have Ak
∼= Ak′ .

Proof. The proof of (i.) is contained in the proof of Proposition 6.6, and (ii.) is
symmetric.

Since a symmetric system {Ak} may be viewed as both a left and right system,
(iii.) follows from 4.15 combined with (i.) and (ii.), as these conditions imply
Ak ⩽init Ak′ and Ak′ ⩽fin Ak for all k, k′ < M .

For splitting rational systems it is immediate that Ak
∼= Ak′ for all k, k′ ≤ M ,

as one of these terms may always be written as a multiple of the other using the
isomorphisms from the system. Thus (iv.) holds. □

6.2. Division condensations. To every division system, we associate a global
binary relation on LO.

Definition 6.10. Suppose D = {Ak;Nk;M} is a division system. Given X ∈ LO
and x, y ∈ X, define

x ∼D y if Ak ̸⩽conv [{x, y}] for all k < M .

If D is non-terminating, then the associated relation ∼D defines a condensation
on every order X.
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Proposition 6.11. Suppose D is a non-terminating division system and X ∈ LO.
Then:

i. ∼D is a condensation of X.
ii. ∼D is invariant under convex embeddings. That is, if f : X → Y is a

convex embedding, then x ∼D y in X if and only if f(x) ∼D f(y) in Y .
iii. The condensed order X/∼D is either a singleton or densely ordered.

Proof. For (i.): We must show the relation ∼D is a convex equivalence relation on
X, that is, an equivalence relation with convex classes. It is clearly reflexive and
symmetric. Since Ak ̸⩽conv [{x, y}] implies Ak ̸⩽conv [{x, z}] for any z ∈ [{x, y}],
its classes are convex.

To show it is transitive, fix x, y, z ∈ X with x ∼D y and y ∼D z. If z ∈ [{x, y}]
then by the convexity of ∼D we have x ∼D z.

So suppose z ̸∈ [{x, y}]. Without loss of generality, we may assume x < y < z.
Suppose there is k such that Ak ⩽conv [x, z]. Fix a subinterval I = [c, d] of [x, z]
that is isomorphic to Ak.

We must have c < y < d. Otherwise, Ak convexly embeds in either [x, y] or
[y, z], contradicting x ∼D y or y ∼D z. If the system is a left division system,
then since it is non-terminating we have Ak

∼= NkAk+1 + Ak+2. Fix a cut c′ with
c < c′ < d corresponding to the cut at the + sign in this expression. If c′ ≤ y then
Ak+1 ⩽conv [x, y], and if c′ ≥ y then Ak+2 ⩽conv [y, z], a contradiction in either
case.

Hence x ∼D z. The argument is similar in the cases when the system is right or
rational. Thus ∼D is transitive, and hence a condensation of X.

For (ii.): By the convexity of f we have Ak ⩽conv [{x, y}] if and only if Ak ⩽conv

[{f(x), f(y)}].
For (iii.) Let δ denote the condensation map for ∼D on X, and suppose there

are x, y ∈ X with δ(x) < δ(y). Then x ̸∼D y, and so Ak ⩽conv [x, y] for some k.
Fix I = [c, d] ∼= Ak with x ≤ c < d ≤ y.

If the system is a left system, we have

Ak
∼= NkAk+1 +Ak+2

∼= NkAk+1 +Nk+2Ak+3 +Ak+4.

Fix c′ < c′′ with c < c′ < c′′ < d corresponding to the cuts at the + signs in the
expression on the right. Then for any z ∈ [c′, c′′], we have Ak+1 ⩽conv [x, z] and
Ak+4 ⩽conv [z, y] which gives x ̸∼D z and z ̸∼D y. Hence δ(x) < δ(z) < δ(y). Since
x, y were arbitrary, X/∼D is dense.

The arguments for right systems and rational systems are similar. □

As in the proof of Proposition 6.11, we will write δD, or simply δ, for the con-
densation map of a non-terminating system D.

Part (ii.) of Proposition 6.11 can be reformulated as follows.

Corollary 6.12. Suppose D is a non-terminating division system and X ∈ LO. If
f : X → Y is a convex embedding, then for every x ∈ X we have

f [δ(x)] = δ(f(x)) ∩ f [X].

In particular, if δ(f(x)) ⊆ f [X], then f [δ(x)] = δ(f(x)).

It follows from Corollary 6.12 that if D is non-terminating and f : X → Y is an
isomorphism, then f lifts to an isomorphism f : X/∼D → Y/∼D defined by (and
well-defined by) the rule f [δ(x)] = δ(f(x)).
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6.3. D-branchings. Given a non-terminating division system D, we will be inter-
ested in computing the condensation classes δ(x) of ∼D in a given order X via
countable nested intersections of copies of the division terms Ak. This turns out to
always be possible when D is non-splitting.

Definition 6.13. Suppose D = {Ak} is a non-terminating division system. A
D-branching in X consists of a decreasing sequence of intervals {In : n ∈ ω}

X ⊇ I0 ⊇ I1 ⊇ . . .

along with two sequences of natural numbers {kn : n ∈ ω} and {ln : n ∈ ω}, the
first of which is strictly increasing, such that for all n ∈ ω we have

i. In ∼= Akn ;
ii. Aln ⩽conv (In \ In+1).

We denote the D-branching by {In; kn; ln}, or simply {In}.

When D is non-splitting, D-branchings are the means by which we will zoom in
on ∼D-classes δ(x) in a given order X. They are typically constructed by a version
of the following procedure:

• Start with an interval I0 ⊆ X that is isomorphic to Ak = Ak0 for some
term Ak appearing in D (a left system, say);

• Decompose I0 to witness Ak
∼= NkAk+1 +Ak+2;

• Choose a subinterval I1 corresponding to one of the terms Ak1
in this ex-

pression;
• Iterate.

All interval sequences {In} constructed this way are branchings. Definition 6.13
allows for slightly more general constructions.

Suppose that {In} is a D-branching. Since the In are intervals, each difference
In \ In+1 consists of an initial segment Ln and final segment Rn of In.

The branching is rightward if for infinitely many n we have Aln ⩽conv Ln and
leftward if for infinitely many n we have Aln ⩽conv Rn. Condition (ii.) in the
definition implies that any branching is either leftward or rightward. A middle
branching is a branching that is both leftward and rightward.

We will be interested in taking intersections of branchings. In general, if {In} is a
descending sequence of intervals and we label each In = [cn, dn] by its endcuts, then
letting c denote the cut at the right of the non-decreasing sequence c0 ≤ c1 ≤ . . .
and d denote the cut at the left of the non-increasing sequence . . . ≤ d1 ≤ d0, we
have

⋂
n In = [c, d]. In the case when c = d this intersection is formally empty, but

we sometimes view it as the cut singleton {c}.

Proposition 6.14. Suppose D = {Ak} is a non-terminating and non-splitting
division system and {In; kn; ln} is a D-branching in X. Fix a point x ∈

⋂
n In.

i. If the branching is rightward,
⋂

n In is an initial segment of δ(x);
ii. If the branching is leftward,

⋂
n In is a final segment of δ(x);

iii. If the branching is middle,
⋂

n In = δ(x).

Proof. : For (i.): As above, label each In = [cn, dn] by its endcuts, as well as⋂
n In = [c, d]. For each n0 we have

⋂
n In ⩽conv In0

∼= Akn0
. Since the indices kn

are strictly increasing, this implies
⋂

n In ⩽conv Ak for all k.
We first show

⋂
n In ⊆ δ(x). Fix y ∈

⋂
n In. If y ̸∼ x, then for some k we

have Ak ⩽conv [{y, x}]. Since [{y, x}] ⩽conv

⋂
n In ⩽conv Ak+2, this gives Ak ⩽conv
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Ak+2. By Lemma 6.5, it follows that 2Ak+2 ⩽conv Ak+2. Thus Ak+2 is splitting by
4.18, and so D is splitting as well, a contradiction. Thus y ∼ x and

⋂
n In ⊆ δ(x)

as claimed.
We now show

⋂
n In is initial in δ(x). Fix x′ ∈ δ(x) and suppose x′ < y for

some y ∈
⋂

n In. If x′ ̸∈
⋂

n In, then for all sufficiently large n we have x′ <
cn. Since the branching is rightward, there is N such that x′ < cN < cN+1 and
AlN ⩽conv [cN , cN+1]. It follows AlN ⩽conv [x′, y], and so x′ ̸∼ y, i.e. x′ ̸∈ δ(y).
Since y ∈

⋂
n In ⊆ δ(x) we have δ(y) = δ(x). Hence x′ ̸∈ δ(x), a contradiction, and

it follows
⋂

n In is initial in δ(x), as claimed.
A symmetric argument gives (ii.). Then (iii.) is immediate by combining (i.)

and (ii.). □

In Section 9, we will construct symbolic representations of the orders Ak in a
given non-terminating system D. We will use Proposition 6.14 to show that for
non-splitting D, these representations are canonically expressed in terms of the
∼D-classes δ(x).

7. New commutativity laws for (LO,+)

In this section, we solve Tarski’s Generalized Sum Problem 1.4 for LO in the
affirmative; see Theorem 7.6 below. Along the way, we establish several arithmetic
conditions on pairs A,B ∈ LO that either imply or are implied by the isomorphism
A + B ∼= B + A. These results will be used in the proof of the revised version 1.6
of Tarski’s Commuting Pairs Conjecture 1.5 in Section 12.

Our fundamental result of this section is the following theorem.

Theorem 7.1. If B+A ⩽init A+B and B+A ⩽fin A+B then A+B ∼= B+A.

Proof. Fix a left setup (I = [c, d]; ρ, τ) witnessing B + A ⩽init A + B. Let A0, A1

respectively denote the dividend and divisor among A,B in this setup. Run the
left Euclidean algorithm on input (I; ρ, τ).

Suppose first the algorithm terminates at a finite stage k. From the previous
stages, we have the division system

A0
∼= N0A1 +A2

A1
∼= N1A2 +A3

...
Ak−1

∼= Nk−1Ak +Ak+1.

If the algorithm terminates in a divisor, we have Ak
∼= NkAk+1. By back sub-

stitution, A0
∼= MAk+1 and A1

∼= NAk+1 for some integers M,N ≥ 1. Hence
A0 +A1

∼= A1 +A0, i.e. A+B ∼= B +A, and we are done in this case.
If the algorithm terminates in an absorbed factor, then Ak+1 + Ak

∼= Ak, and
hence ωAk+1 ⩽init Ak. If k > 0, then from the discussion in Section 5.3, there are
integers N,N ′ ≥ 1 such that one of A, B is isomorphic to NAk + Ak+1 and the
other is isomorphic to N ′Ak, depending on the parity of k. And if k = 0 (i.e. the
algorithm terminates at Stage 0 in an absorbed factor, so that A1+A0

∼= A0), then
the same is true taking N = 0 and N ′ = 1.

In either case, let M = N +N ′. Then M ≥ 1 and one of the following holds:

i. A+B ∼= MAk and B +A ∼= MAk +Ak+1;
ii. A+B ∼= MAk +Ak+1 and B +A ∼= MAk.
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Suppose (i.) holds. Then since MAk ⩽init MAk +Ak+1, it follows A+B ⩽init

B + A. By hypothesis we have B + A ⩽fin A + B. Therefore A + B ∼= B + A by
Corollary 4.15, and we are done in case (i.).

Now suppose (ii.) holds. Then from B +A ⩽fin A+B, we get

MAk ⩽fin MAk +Ak+1.

Since Ak ⩽fin MAk, it follows Ak ⩽fin MAk + Ak+1. Since also Ak + Ak+1 ⩽fin

MAk +Ak+1, by 4.2 one of the following holds:

a. Ak ⩽fin Ak +Ak+1;
b. Ak +Ak+1 ⩽fin Ak.

Suppose (ii.b.) holds. Then Ak
∼= Y +Ak +Ak+1 for some Y . Then by 4.14 we

have Ak +Ak+1
∼= Ak. Then

A+B ∼= MAk +Ak+1
∼= MAk

∼= B +A,

and we are done in case (ii.b.).
Now suppose (ii.a.) holds. Label Ak + Ak+1 = [l, r] and let p denote the cut at

the + sign in this expression, so that [l, p] ∼= Ak and [p, r] ∼= Ak+1. Let q be a cut
in Ak + Ak+1 witnessing Ak ⩽fin Ak + Ak+1, i.e. such that [q, r] ∼= Ak. Then one
of the following holds:

x. q ≥ p;
y. q < p.

If (ii.a.x.) holds, then Ak ⩽fin Ak+1. Since Ak+1 ⩽init Ak, this gives Ak
∼= Ak+1

by 4.15. Since ωAk+1 ⩽init Ak, we have the chain

2Ak+1 ⩽init ωAk+1 ⩽init Ak
∼= Ak+1

which gives 2Ak+1 ⩽init Ak+1. Hence Ak+1 is splitting by 4.18, and so Ak is
splitting as well. Now we have

A+B ∼= MAk +Ak+1
∼= MAk +Ak

∼= (M + 1)Ak
∼= Ak

∼= MAk
∼= B +A,

and we are done in case (ii.a.x.).
Suppose (ii.a.y.) holds, and fix an isomorphism f : [q, r] → [l, p]. Since q < p, f is

an overlapping partial convex self-embedding, decreasing at the right endcut r of its
domain. The jumps in the orbital Of (r) are isomorphic to [f(r), r] = [p, r] ∼= Ak+1.
There are two further possibilities:

0. Of (r) is a finitary orbital;
1. Of (r) is an ω∗-orbital.

If (ii.a.y.0.), from the discussion in Section 3.2 (see equation 3.1) we have that
Of (r) decomposes ext(f) = [l, r] ∼= Ak +Ak+1 as a sum C +NAk+1 for some final
segment C of Ak+1. Viewing C + NAk+1 as a final segment of (N + 1)Ak+1, we
have the chain

ωAk+1 ⩽init Ak ⩽init Ak +Ak+1
∼= C +NAk+1 ⩽fin (N + 1)Ak+1.

It follows ωAk+1 ⩽conv (N + 1)Ak+1, and hence ωAk+1 ⩽conv Ak+1 by 4.8. Thus
Ak+1 is splitting. From this and the hypothesis Ak ⩽fin Ak +Ak+1, we get

Ak ⩽fin Ak +Ak+1 ⩽fin (N + 1)Ak+1
∼= Ak+1.

Again, this yields Ak
∼= Ak+1, which as in case (ii.a.x.) yields A + B ∼= B + A,

concluding (ii.a.y.0.).
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Finally, suppose (ii.a.y.1) holds. Then Of (r) ∼= ω∗Ak+1. Let b denote the
cut at the left of Of (r). If b ≥ q, then [b, r] is final in [q, r], which witnesses
ω∗Ak+1 ⩽fin Ak. This gives Ak +Ak+1

∼= Ak, and then again we have

A+B ∼= MAk +Ak+1
∼= MAk

∼= B +A.

If instead b < q, then [q, r] is final in [fn(r), r] for some n, witnessing Ak ⩽fin

nAk+1. As before, this implies Ak
∼= Ak+1

∼= 2Ak+1
∼= 2Ak, which once again gives

A + B ∼= B + A, and we are done in case (ii.a.y.1.). This concludes case (ii.), and
hence concludes the case when the algorithm terminates at a finite stage.

Now suppose the algorithm is non-terminating. Then it yields a non-terminating
left division system

D = {Ak
∼= NkAk+1 +Ak+2 : k ∈ ω}.

This system is either splitting or non-splitting. Suppose first the system is splitting.
Then by 6.6 both A0 and A1 are splitting.

We always have A1 ⩽init A0, and since A0 ⩽init (N0 + 1)A1
∼= A1 by 6.5, we

have A0 ⩽init A1 as well. On the other hand, since B + A ⩽fin A + B, either
A ⩽fin B or B ⩽fin A. That is, either A0 ⩽fin A1 or A1 ⩽fin A0. In either
case, we conclude from 4.15 that A0

∼= A1. In particular A0 + A1
∼= A1 + A0, i.e

A+B ∼= B +A, and we are done in this case.
Now suppose the system is non-splitting. From the discussion following Propo-

sition 6.4, the isomorphisms in the system D yield the decompositions

A0 +A1
∼= N0A1 +N1A2 + · · ·+R =

∑
i∈ω NiAi+1 +R

A1 +A0
∼= N0A1 +N1A2 + · · ·+R′ =

∑
i∈ω NiAi+1 +R′

To show A0 +A1
∼= A1 +A0, it suffices to show R ∼= R′.

Label A0 +A1 = [c, d] = I0, and fix a sequence of cuts

c = c0 < c1 < c2 < . . . < b ≤ d

witnessing the decomposition for A0 +A1, so that cn corresponds to the cut at the
+ sign to the left of the term NnAn+1, and b to the cut at the + sign preceding R.
Label In = [cn, d] ∼=

∑
i Nn+iAn+i+1 +R.

It follows from the discussion after Proposition 6.4 that for n even we have
In ∼= An+An+1 and for n odd we have In ∼= An+1+An. Each difference In\In+1 =
[cn, cn+1] is isomorphic to NnAn+1. We also have [b, d] =

⋂
n In

∼= R.
Similarly, label A1 +A0 = [c′, d′] = I ′0 and fix a sequence of cuts

c′ = c′0 < c′1 < c′2 < . . . < b′ ≤ d′

witnessing the decomposition for A1 + A0. Label I ′n = [c′n, d
′]. Then for n even

we have I ′n
∼= An+1 + An and for n odd we have I ′n

∼= An + An+1. Further,
[c′n, c

′
n+1]

∼= NnAn+1 for all n, and [b′, d′] =
⋂

I ′n
∼= R′.

Suppose for concreteness A0 = A and A1 = B; the argument for the reverse case
is symmetric. Fix an embedding f : B+A → A+B witnessing B+A ⩽fin A+B,
i.e. a final embedding f : A1 +A0 → A0 +A1. Then f(d′) = d.

We claim f(b′) = b. If this holds, then f [R′] = [f(b′), f(d′)] = [b, d] = R,
witnessing R′ ∼= R, and we are done.

So suppose the claim is false. Then either f(b′) < b or f(b′) > b. If f(b′) < b
then for all sufficiently large k we have f(b′) < ck. Fix an even such k. We
have [ck, ck+1] ∼= NkAk+1 is a subinterval of [f(b′), d] = f [R′] ∼= R′. It follows
Ak+1 ⩽conv R′. Since 2Ak+3 ⩽init Ak+1 by 6.5, it follows 2Ak+3 ⩽conv R′.
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Since R′ is final in I ′n for all n′, in particular R′ ⩽fin I ′k+5. Since k is even,
I ′k+5

∼= Ak+5 +Ak+6. Thus we have the chain

2Ak+3
∼= Ak+3 +Ak+3 ⩽conv R′ ⩽conv Ak+5 +Ak+6.

From 4.4 it follows either Ak+3 ⩽conv Ak+5 or Ak+3 ⩽conv Ak+6. Since 2Ak+5 ⩽init

Ak+3 and 2Ak+6 ⩽init Ak+4 ⩽init Ak+3, we get either 2Ak+5 ⩽conv Ak+5 or
2Ak+6 ⩽init Ak+6. Hence either Ak+5 or Ak+6 is splitting, which implies that D is
splitting by 6.6, a contradiction.

The case when f(b′) > b is similar. Thus f(b′) = b, as claimed. As noted, it
follows A0 +A1

∼= A1 +A0, i.e. A+B ∼= B +A. We are done. □

One way we will apply Theorem 7.1 is through the following corollary.

Corollary 7.2. Suppose A + B ⩽init X and B + A ⩽init X, and A + B ⩽fin Y
and B +A ⩽fin Y . Then A+B ∼= B +A.

Proof. Since A + B ⩽init X and B + A ⩽init X, either A + B ⩽init B + A or
B +A ⩽init A+B. Suppose without loss of generality that A+B ⩽init B +A.

Symmetrically, A+B ⩽fin Y and B + A ⩽fin Y implies A+B ⩽fin B + A or
B + A ⩽fin A+ B. In the former case, by Theorem 7.1 we have A+ B ∼= B + A.
In the latter case, we get A+B ∼= B +A by 4.15. □

Definition 7.3.

i. An ω-AB-sum is an ω-sum

C0 + C1 + · · · =
∑
i∈ω

Ci

such that for all i ∈ ω, Ci = A or Ci = B.
ii. An ω∗-AB-sum is an ω∗-sum

· · ·+ C1 + C0 =
∑
i∈ω∗

Ci

such that for all i ∈ ω∗, Ci = A or Ci = B.

Two ω-AB-sums
∑

i∈ω Ci and
∑

i∈ω Di are offset if one of C0 and D0 is equal
to A and the other is equal to B. Offset ω∗-AB-sums are defined symmetrically.

We will use the following theorem to prove that the isomorphisms between sums
appearing in the Generalized Sum Problem imply A+B ∼= B +A.

Theorem 7.4.

i. Suppose
∑

i∈ω Ci and
∑

i∈ω Di are offset ω-AB-sums, and
∑

i Ci ⩽init∑
i Di. Then A+B ⩽init

∑
i Di and B +A ⩽init

∑
i Di.

ii. Suppose
∑

i∈ω∗ Ci and
∑

i∈ω∗ Di are offset ω∗-AB-sums, and
∑

i Ci ⩽fin∑
i Di. Then A+B ⩽fin

∑
i Di and B +A ⩽fin

∑
i Di.

Proof. For (i.): By symmetry, we may assume C0 = A and D0 = B.
Let X =

∑
i Di and label X = [y, z] by its endcuts. Our goal is to show A+ B

and B +A both embed initially in X.
Fix a cut sequence

y = d0 < d1 < d2 < . . .

witnessing X =
∑

i Di, i.e. such that [di, di+1] ∼= Di for all i ∈ ω and such that the
cut at the right of this sequence is the right endcut z.
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Also fix a cut sequence

y = c0 < c1 < c2 < . . .

witnessing
∑

i Ci ⩽init X. One of the following holds:

I. c1 ≤ d1;
II. c1 > d1.

Suppose (I.). Then A ∼= [c0, c1] ⩽init [d0, d1] ∼= B, which gives A ⩽init B.
We claim B +A ⩽init X. Indeed, if D1 = A, then we have

B +A ∼= D0 +D1 ⩽init

∑
i∈ω

Di = X.

If instead D1 = B, then B +B ∼= D0 +D1 ⩽init X. Since A ⩽init B we have

B +A ⩽init B +B ⩽init X.

Thus in either case B +A ⩽init X, as claimed.
It remains to show A + B ⩽init X in case (I.). One of the following conditions

holds:

a. Ci = A for all i ∈ ω;
b. There is a least N ≥ 1 such that CN = B.

Suppose (I.a.). Then
∑

i Ci
∼= ωA. Let c denote the cut at the right of the

sequence ci in X. If c ≤ d1, then this witnesses ωA ⩽init [d0, d1] ∼= B. In this case,
A + B ∼= B. Hence in particular A + B ⩽init B. Since B is initial in X, we have
A+B ⩽init X.

Otherwise let M be least such that d1 ≤ cM . Then B ∼= [d0, d1] ⩽init [c0, cM ] ∼=
MA. Hence A+B ⩽init A+MA ∼= (M + 1)A. Then since

(M + 1)A ⩽init ωA ∼=
∑
i∈ω

Ci ⩽init X

we have A+B ⩽init X, which finishes the argument for (I.a.)
Suppose (I.b.). If N = 1, then A + B = C0 + C1 ⩽init

∑
i Ci ⩽init X, and we

are done immediately. So suppose N ≥ 2. One of the following holds:

x. cN ≥ d1;
y. cN < d1.

Suppose (I.b.x.). Let M ≤ N be least such that d1 ≤ cM . Then, as above, we
have B ∼= [d0, d1] initial in MA ∼= [c0, cM ], and hence A+B ⩽init (M + 1)A.

We claim that we again (M +1)A ⩽init

∑
i Ci. This is immediate if M < N , as

then C0+· · ·+CM
∼= (M+1)A. Otherwise M = N , and so C0+· · ·+CM−1+CM

∼=
MA+B. Then since A ⩽init B, we have MA+A initial in MA+B. So again we
have (M + 1)A ⩽init

∑
i Ci, which gives A+B ⩽init X, concluding (I.b.x.).

Suppose (I.b.y.). We have [d0, d1] = D0
∼= B ∼= CN = [cN , cN+1]. Fix an

isomorphism f : [d0, d1] → [cN , cN+1]. Then f is a partial convex self-embedding
of X, which is overlapping since d0 < cN < d1.

Observe that the jump Ad0,f equals [d0, cN ] = [c0, cN ] ∼= NA. There are two
final cases to consider:

1. Of (d0) is an ω-orbital;
2. Of (d0) is finitary.
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If (I.b.x.1.), then ωNA ∼= ωA is initial in dom(f) = [d0, d1] ∼= B. Hence A+B ∼=
B ⩽init X, and we are done as above.

Finally, suppose (I.b.x.2.). Then for some K ≥ 1 (as f is overlapping) and some
order C initial in NA, we have that dom(f) = [d0, d1] is isomorphic to K(NA)+C
(see equation 3.2), and hence B ∼= K(NA) + C.

Now, we know NA + B ∼= C0 + · · · + CN−1 + CN ⩽init

∑
i Ci, which gives

NA+KNA+ C ⩽init

∑
i Ci. We may rewrite this as

(7.1) A+KNA+ (N − 1)A+ C ⩽init

∑
i

Ci.

We claim C ⩽init (N − 1)A+ C; if this holds, then combining with 7.1 we get the
chain

(7.2) A+B ∼= A+KNA+C ⩽init A+KNA+(N−1)A+C ⩽init

∑
i

Ci ⩽init X,

as desired. So we prove the claim. We know C ⩽init NA, i.e.

(7.3) C ⩽init (N − 1)A+A.

Since also A ⩽init NA, it follows C ⩽init A or A ⩽init C. If C ⩽init A, then
since N ≥ 2 we immediately have C ⩽init (N − 1)A + C. If A ⩽init C, we have
(N − 1)A+A ⩽init (N − 1)A+C, which from 7.3 also gives C ⩽init (N − 1)A+C,
as claimed.

Thus the chain 7.2 holds, and we have A+B ⩽init X, concluding the proof for
(I.b.x.2.), and hence the proof for (I.).

Now suppose (II.). The proof is similar to (I.), but with slightly less casework.
We summarize it and leave the details.

Since nowB ⩽init A, we have easilyA+B ⩽init C0+C1 ⩽init

∑
i Ci ⩽init

∑
i Di.

So we must check B +A ⩽init

∑
i Di.

Since
∑

i Ci is initial in
∑

i Di, the first term C0
∼= A is initial in some finite

sum D0 + · · · +DN−1. If all of these terms are B, then A is initial in NB. Then
it is not hard to see (N + 1)B is initial in

∑
i Di, and hence B +A is as well.

If instead the least copy of A is DN and this term overlaps the initial term
C0

∼= A, we fix an isomorphism f from C0 to DN . Then f is an overlapping partial
convex embedding of X, with initial jump some finite multiple of B. If its left
orbital is an ω-orbital, then it is isomorphic to ωB and we have B +A ∼= A, which
yields B+A ⩽init

∑
i Di. If its left orbital is finitary, then an analogous argument

to the finitary case for (I.) again shows B +A ⩽init

∑
i Di.

The proof for (ii.) is symmetric. □

We may also consider finite AB-sums.

Definition 7.5. An AB-sum is an n-sum for some n ∈ ω,

C0 + C1 + · · ·+ Cn−1 =
∑
i<n

Ci,

such that for all i < n, Ci = A or Ci = B.

Two AB-sums
∑

i<n Ci and
∑

j<m Dj are offset left if one of C0 and D0 is equal
to A and the other to B, and offset right if one of Cn−1 and Dm−1 is equal to A
and the other to B. They are offset if they are offset left and right.

The following theorem solves the Generalized Sum Problem affirmatively.
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Theorem 7.6. Suppose that
∑

i<n Ci
∼=
∑

j<m Dj are isomorphic AB-sums.

i. If the sums are offset left, then either A+B ⩽init B+A or B+A ⩽init A+B;
ii. If the sums are offset right, then either A+ B ⩽fin B + A or B + A ⩽fin

A+B;
iii. If the sums are offset, then A+B ∼= B +A.

Proof. For (i.): Extend
∑

i<n Ci and
∑

j<m Dj to ω-AB-sums by defining Ci =

Dj = A for all i ≥ n and j ≥ m. Then the resulting sums
∑

i∈ω Ci and
∑

j∈ω Dj

are (left) offset and remain isomorphic. In particular,
∑

i∈ω Ci ⩽init

∑
j∈ω Dj . By

Theorem 7.4, A+B and B +A are both initial in
∑

j∈ω Dj . It follows that either
A+B ⩽init B +A or B +A ⩽init A+B.

For (ii.): The argument is symmetric.
For (iii.): Since the sums are offset left, we have from (i.) that either A+B ⩽init

B +A or B +A ⩽init A+B. By symmetry, we may assume B +A ⩽init A+B.
Since the sums are also offset right, we get from (ii.) that either A+B ⩽fin B+A

or B+A ⩽fin A+B. In the former case, Theorem 4.15, and in the latter, Theorem
7.1, now give A+B ∼= B +A. □

Since the sums in Tarski’s Generalized Sum Problem are offset, Theorem 7.6.(iii.)
solves the problem in the affirmative. Theorem 7.6 is more general, since it applies
to AB-sums

∑
i<n Ci

∼=
∑

j<m Dj in which C0 = Cn−1 and D0 = Dm−1, one
of these pairs equaling A and the other B. In particular, we have the following
corollary, which was proved by Tarski in [9] by a different route.

Proposition 7.7. (Tarski; [9, 1.49]) If nA ∼= mB for some n,m ∈ ω, then A+B ∼=
B +A.

Proof. Since nA and mB are offset AB-sums, the proposition follows immediately
from Theorem 7.6. □

If nA ∼= mB, then ωA ∼= ωB since

ωA ∼= ω(nA) ∼= ω(mB) ∼= ωB.

And symmetrically, we have ω∗A ∼= ω∗B. Thus the following corollary, which is
an immediate consequence of Theorem 7.4, may be viewed as a generalization of
Proposition 7.7.

Corollary 7.8.

i. If ωA ⩽init ωB, then A+B ⩽init ωB and B +A ⩽init ωB.
ii. If ω∗A ⩽fin ω∗B, then A+B ⩽fin ω∗B and B +A ⩽fin ω∗B.
iii. If ωA ⩽init ωB and ω∗A ⩽fin ω∗B, then A+B ∼= B +A.

Proof. Since ωA and ωB are offset ω-AB-sums, (i.) is immediate from Theorem
7.4; (ii.) is symmetric; (iii.) now follows from Corollary 7.2, taking X = ωB and
Y = ω∗B. □

The symmetrized converse to Corollary 7.8.(iii) is also true.

Theorem 7.9. A+B ∼= B+A if and only if one of the following conditions holds:

i. ωA ⩽init ωB and ω∗A ⩽fin ω∗B;
ii. ωB ⩽init ωA and ω∗B ⩽fin ω∗A.

We will prove Theorem 7.9 in Section 12, and from it deduce the revised version
of Tarski’s conjecture 1.6.
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8. A proof of Lindenbaum’s Division Theorem

In this section we use the Euclidean algorithm to give a proof of Lindenbaum’s
Division Theorem 1.2. It may be contrasted with Tarski’s proof [9, 1.50] of the
division theorem for a general ordinal algebra. As far as the authors are aware,
Tarski’s proof is the only previously published proof of the Division Theorem.

Like the proofs of our other arithmetic results for (LO,+), the proof here requires
casework to handle the absorption and splitting phenomena that occur in sums of
general linear orders but not in sums of natural (or real) numbers. However, the
approach of the proof is to straightforwardly divide over an equation just as though
working over (N,+) or (R,+): given a pair of orders A,B ∈ LO that have a
common finite multiple nA ∼= mB, we will apply the Euclidean algorithm to find
their greatest common divisor C ∈ LO.

Theorem 8.1 below is the Division Theorem written in a slightly generalized
form. Modulo the Cancellation Theorem 1.1, this statement is equivalent to the
original. On the other hand, as stated Theorem 8.1 also implies 1.1.

Theorem 8.1. Suppose there are natural numbers n,m ≥ 1 such that nA ∼= mB.
Let d = gcd (n,m), and let m′ = m

d and n′ = n
d . Then there exists a linear order

C such that A ∼= m′C and B ∼= n′C.

The proof goes by first observing that if A and B are splitting, then the statement
trivializes. In the non-splitting case, we show that the Euclidean algorithm, applied
to a symmetric setup witnessing A+B ∼= B+A, proceeds in exactly the same way
as the classical Euclidean algorithm for dividing the greater of the natural numbers
n′ and m′ by the lesser. Hence the algorithm terminates; the order C will be the
final remainder term.

Proof. Writing nA ∼= mB as d(n′A) ∼= d(m′B) and then applying cancellation 4.23
yields n′A ∼= m′B. By Lemma 7.7 we have A+B ∼= B +A.

If n′ = m′ = 1, then A ∼= B; let C = A and we are done. Otherwise, since
gcd(n′,m′) = 1, either n′ < m′ or m′ < n′.

By symmetry, we may assume n′ < m′. If n′ = 1, then A ∼= m′B. Let C = B
and we are again done. So assume 1 < n′ < m′.

Now from n′A ∼= m′B and Lemma 4.24 it follows that A is splitting if and
only if B is splitting. In the splitting case, A ∼= n′A ∼= m′B ∼= B. Then also
A ∼= m′A ∼= n′A ∼= n′B ∼= B. Letting C = A, we are again done.

So assume A and B are non-splitting. Let A0 = A, A1 = B, a1 = n′, and
a0 = m′ so that

(8.1) a1A0
∼= a0A1

Since a0 > a1, it follows from 8.1 that a1A1 ⩽init a1A0 and a1A1 ⩽fin a1A0. Then
by Theorem 4.22, A1 ⩽init A0 and A1 ⩽fin A0.

Fix a symmetric division setup (I = [c, d]; f, g) witnessing A0 + A1
∼= A1 + A0

and run the (left, say) Euclidean algorithm.
We claim that A0 is the dividend and A1 is the divisor in this setup. Otherwise,

we have A0 ⩽init A1, which along with A1 ⩽fin A0 yields A1
∼= A0 by 4.15. But

then 8.1 along with the splitting dichotomy theorem 4.20 implies A0 and A1 are
splitting, contradicting our hypothesis.
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If the algorithm terminates at Stage 0 in an absorbed factor, then ωA1 ⩽init A0.
Then since a1A0

∼= a0A1 ⩽init ωA1 ⩽ A0, we then have a1A0 ⩽init A0. Hence A0

is splitting by 4.18, a contradiction.
Thus the algorithm does not terminate at Stage 0 in an absorbed factor and we

may let {Ak
∼= NkAk+1 + Ak+2 : k < M} be the symmetric division system (of

length 1 ≤ M ≤ ω) resulting from the run of the algorithm. As noted in Section 5.5,
we have Ai +Aj

∼= Aj +Ai for all terms Ai, Aj appearing in the system. As noted
in Section 6, if the system is terminating, then by rewriting its final isomorphism
if necessary we may assume that it terminates in a divisor.

We will show that the system is necessarily terminating. Toward this, run the
(classical) Euclidean algorithm for dividing a0 by a1, and let {ak = Mkak+1+ak+2}
be the resulting division system. We will show that {Ak

∼= NkAk+1 + Ak+2} is
obtained from this system by replacing each term ai by Ai. That is, these systems
have the same finite length and the same coefficients.

Consider the system of equations {bk = Nkbk+1 + bk+2} obtained from the di-
vision system {Ak

∼= NkAk+1 + Ak+2} by replacing each term Ak with a variable
term bk.

Suppose first that our division system {Ak
∼= NkAk+1 + Ak+2} is terminating

(in a divisor), with final isomorphism AK
∼= NKAK+1. Set bK+1 = 1 and let

b0 > b1 > . . . > bK be the sequence of natural numbers determined by the equations
bk = Nkbk+1 + bk+2 for k ≤ K.

Claim 1: b0A1
∼= b1A0.

Proof. We prove the claim by induction on K. If K = 0 then our division system
consists of the single isomorphism A0

∼= N0A1. In this case b1 = 1 and b0 = N0, so
that A0

∼= N0A1 witnesses the claim.
For larger K, assume the claim holds for systems of shorter length. Observe

that {Ak
∼= NkAk+1 + Ak+2 : 1 ≤ k ≤ K} is a division system of length one less

than the original system. By induction, b1A2
∼= b2A1. From this, the isomorphism

A0
∼= N0A1 +A2, and the equation b0 = N0b1 + b2 we obtain

b1A0
∼= b1(N0A1 +A2) ∼= b1N0A1 + b1A2

∼= N0b1A1 + b2A1
∼= b0A1,

as desired. Note here that A1 +A2
∼= A2 +A1 is needed to justify the distribution

b1(N0A1 +A2) ∼= b1N0A1 + b1A2.

This completes the induction and proves the claim. □

Claim 2: a0

a1
= b0

b1
.

Proof. Suppose a0

a1
> b0

b1
, so that a0b1 > b0a1. From a0A1

∼= a1A0 and b0A1
∼= b1A0

we obtain

a0b1A1
∼= a1b1A0

∼= a1b0A1.

Since a0b1 > b0a1, this implies A1 is splitting by 4.20, a contradiction. The argu-
ment for a0

a1
< b0

b1
is symmetric, and the claim is proved. □

Since b0 and b1 are coprime (as gcd(b0, b1) = bK = 1), and a0 and a1 are
also coprime, Claim 2 implies b0 = a0 and b1 = a1. Hence the system {bk =
Nkbk+1 + bk+2} is the same as {ak = Mkak+1 + ak+2} up to relabeling each bk as
ak; in particular Nk = Mk for all k ≤ K.
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Since setting aK+1 = 1 in the system {ak = Nkak+1+ak+2} determines a0 = m′

and a1 = n′, back-substituting AK+1 in the isomorphisms Ak
∼= NkAk+1 + Ak+2

yields the isomorphisms A0
∼= m′AK+1 and A1

∼= n′AK+1. Letting C = AK+1, we
are done in the case when the system is terminating.

Now suppose {Ak
∼= NkAk+1 + Ak+2} is a non-terminating system, and let

{bk = Nkbk+1 + bk+2} be the corresponding non-terminating system of equations
in the variables bk. For a fixed K, introduce variables cKk for 0 ≤ k ≤ K + 1 and
consider the truncated system of equations

cK0 = N0c
K
1 + cK2

cK1 = N1c
K
2 + cK3

...
cKK−1 = NK−1c

K
K + cKK+1

cKK = NKcKK+1.

Set b0 = 1 and let {bk} be the unique sequence of positive real numbers satisfying
the equations from our system bk = Nkbk+1 + bk+2. From the divided through
equations

bk
bk+1

= Nk +
bk+2

bk+1

each bk may be computed via its continued fraction expansion

bk+1

bk
= 1/(Nk + 1/(Nk+1 + 1/(Nk+2 + · · · ))).

In particular,
b1 = 1/(N0 + 1/(N1 + 1/(N2 + · · · ))).

We quote some standard facts about continued fractions and the sequence {bk}.
Since the system {bk = Nkbk+1 + bk+2} is non-terminating, the ratios bk

bk+1
are

irrational. In particular, b0
b1

= 1
b1

is irrational and hence so is b1.

For each K, let cKK+1 = 1 and then let cKk for 0 ≤ k ≤ K be the positive integers

satisfying the truncated system {cKk = Nkc
K
k+1 + cKk+2 : 0 ≤ k ≤ K}. Then the

ratios
cK0
cK1

converge to b0
b1

as K → ∞.

More specifically, the subsequence of even terms
c2K0
c2K1

increases to b0
b1
, and the

sequence of odd terms
c2K+1
0

c2K+1
1

decreases to b0
b1
:

c00
c01

<
c20
c21

<
c40
c41

< . . . <
b0
b1

< . . . <
c50
c51

<
c30
c31

<
c10
c11

.

Claim 3: For K even, we have

cK1 A0
∼= cK0 A1 +AK+2

For K odd, we have
cK1 A0 +AK+2

∼= cK0 A1.

Proof. By induction on K. If K = 0, the truncated system consists of a single
equation c00 = N0c

0
1. Since c01 = 1, we have c00 = N0. Thus

c01A0 = A0
∼= N0A1 +A2

∼= c00A1 +A2,

which is of the desired form.
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Fix K ≥ 1 and assume the claim for shorter truncations. Suppose first that K
is odd. Since A0

∼= N0A1 + A2, using commutativity of the terms A1 and A2 we
have

(8.2) cK1 A0
∼= cK1 N0A1 + cK1 A2.

We may apply our induction hypothesis to the shorter truncated system {cKk =
Nkc

K
k+1+cKk+2 : 1 ≤ k ≤ K} corresponding to the division system {Ak

∼= NkAk+1+
Ak+2 : 1 ≤ k < ω} to conclude

(8.3) cK2 A1
∼= cK1 A2 +AK+2

since, if we re-index this system using k′ = k− 1 and K ′ = K − 1, then K ′ is even.
From 8.2 we have

cK1 A0 +AK+2
∼= cK1 N0A1 + cK1 A2 +AK+2.

Then from 8.3,

cK1 A0 +AK+2
∼= cK1 N0A1 + cK2 A1

∼= (cK1 N0 + cK2 )A1 = cK0 A1,

as desired. The induction step when K is even is similar. □

Since b0
b1

is irrational, we have b0
b1

̸= a0

a1
. Suppose b0

b1
> a0

a1
. Let K be even and

large enough such that
cK0
cK1

> a0

a1
. Then a1c

K
0 > a0c

K
1 .

From a0A1
∼= a1A0 we get a0c

K
1 A1

∼= a1c
K
1 A0. Then since K is even we obtain

a0c
K
1 A1

∼= a1c
K
1 A0

∼= a1(c
K
0 A1 +AK+2).

Since AK+2 commutes with A1, we may distribute the a1 on the right to conclude

a0c
K
1 A1

∼= a1c
K
0 A1 + a1AK+2.

In particular a1c
K
0 A1 ⩽conv a0c

K
1 A1. But since a1c

K
0 > a0c

K
1 , this implies that A1

is splitting by 4.20, contradicting our hypothesis.
We obtain a similar contradiction in the case when b0

b1
< a0

a1
. Hence the system

must be terminating, and we are done. □

9. Symbolic and dynamical representations for division systems

In this section we establish structural representation theorems for the orders Ak

from a given non-terminating division system {Ak : k < ω}. These representations
are of two types: symbolic representations X(I[u]) obtained as replacements of a
lex-ordered sequence space X up to the eventual equality relation E0 on X, and
dynamical representations R(K[x]) obtained as replacements of R up to the orbit
equivalence relation EG of a group of translations on R.

Here, X is the space of continued fraction sequences in the base {ak} of a collec-
tion of real numbers satisfying the equations from the division system, and G is the
group of translations generated by these numbers. In Section 10, we will use these
representations to generalize Aronszajn’s representation theorem for commuting
pairs A + B ∼= B + A from [1]. In Section 14, we use them again to help identify
the commutative semigroups representable in (LO,+).
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9.1. Symbolic representations of left division systems. A finite sequence is
a function r with dom(r) = n = {0, 1, . . . , n − 1} for some n ∈ ω. The length of
such an r, denoted |r|, is n. We write ri for r(i), and also write r = r0r1 . . . rn−1.
An infinite sequence is a function u with domain ω. We write u = u0u1 . . . where
ui = u(i).

Given a finite or infinite sequence u and n ∈ dom(u), we write u ↾ n for the
restriction of u to n, i.e. u ↾ n = u0u1 . . . un−1. Given a finite sequence r, ru
denotes the sequence obtained by concatenating r on the right by u.

A tree is a set T of finite sequences that is closed under initial segments: if
r ∈ T then for all n ∈ dom(r) we have (r ↾ n) ∈ T . If s, r ∈ T with |s| ≥ |r| and
s ↾ |r| = r, we say s extends r or s is below r. If |s| = |r|+ 1 and s extends r, then
s is a successor of r. That is, a successor of r is a sequence s = rs|r| extends r by
a single entry. A sequence r ∈ T is also called a node. A node is terminal if it has
no successors in T . The body of T , denoted [T ], is the set of infinite sequences u
such that (u ↾ n) ∈ T for all n ∈ ω.

We write ω<ω for the tree of all finite sequences r with entries ri ∈ ω. We write
ωω for the set of all infinite sequences u with entries ui ∈ ω. Observe [ω<ω] = ωω.

Definition 9.1. A set of division coefficients is a set C = {Nk : k ∈ ω} of natural
numbers Nk ≥ 1. If Nk ≥ 2 for all k ∈ ω, we also say C is a set of rational division
coefficients.

Fix a set of division coefficients C = {Nk : k ∈ ω}.
Definition 9.2. The left division tree T C = T on the coefficients C is defined
recursively as follows.

• T0 = {∅}.
• Given Tn for n ∈ ω, and a terminal node r ∈ Tn with |r| = k, define Sr to
be the set of extensions {r0, r1, . . . , r(Nk − 1), rNk, rNk0} of r, consisting
of the successors ri for 0 ≤ i ≤ Nk and the double successor rNk0.

Define
Tn+1 = Tn ∪

⋃
r ∈ Tn terminal

Sr.

• Define
T =

⋃
n∈ω

Tn.

Intuitively, the root node ∅ in T represents the initial order A0 from some non-
terminating left division system {Ak} on the coefficients C = {Nk}. Each node
r ∈ T with |r| = k represents an interval in A0 isomorphic to Ak.

Notice that if r ∈ T is terminal in Tn for some n, and |r| = k, then the extensions
of r that are terminal in Tn+1 are r0, r1, . . . , r(Nk −1), and rNk0. These nodes are
listed in lexicographical order and have lengths k + 1, k + 1, . . . , k + 1, and k + 2,
respectively, reflecting that Ak

∼= NkAk+1 + Ak+2. The successor rNk of r, which
also has length k + 1 but is not terminal in Tn+1, has only the single successor
rNk0. We think of this node as representing an initial segment of Ak+1 instead of
Ak+1 itself, namely, the initial segment of Ak+1 corresponding to the first copy of
Ak+2 (represented by the node rNk0) in the sum Ak+1

∼= Nk+1Ak+2 +Ak+3.
The nodes r ∈ T that are terminal in Tn for some n are called regular.

Definition 9.3. The left division order XC = X on the coefficients C is the body
[T ] of the left division tree T = T C equipped with the lexicographical ordering <lex.
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Until further notice, T = T C denotes the left division tree and X = XC denotes
the corresponding left division order for our fixed set of coefficients C. Observe that
T ⊆ ω<ω and X = [T ] ⊆ ωω.

Given r ∈ T , let Tr denote the set of sequences in T beginning with r, that is,
Tr = {s ∈ T : |s| ≥ |r| and s ↾ |r| = r}. Let Xr = {u ∈ X : u ↾ |r| = r}.

Observe that X∅ = X and each Xr is convex in X; we call the intervals Xr basic
intervals. Observe that if r is an irregular node then Xr = Xr0. For regular nodes
r and extensions ri of r, Xri is always a strict subinterval of Xr.

Given u, v ∈ ωω, we say u is eventually equal to v, and write uE0v, if there are
finite sequences r, s ∈ ω<ω with |r| = |s| and an infinite sequence u′ ∈ ωω such that
u = ru′ and v = su′. Then E0 is an equivalence relation on ωω called the eventual
equality relation.

Let EX
0 denote the restriction of E0 to X. We often write E0 instead of EX

0 .
We write [u]EX

0
, or often simply [u], for the EX

0 -class of a given u ∈ X.

Proposition 9.4. For all u ∈ X and r ∈ T , we have [u] ∩Xr ̸= ∅.

Proof. Fix r ∈ T , and suppose |r| = k. We may assume r is regular, since if not we
may extend it to a regular successor. Fix u ∈ X, and let s = u ↾ k. We may assume
s is also regular: if not, then suk is regular, and since r0 is always regular, we may
replace r with r0 and s with suk to get an extension of r and initial sequence of u
both of length k + 1 and regular.

Then u = su′ for some infinite tail-sequence u′. By the recursive construction of
T , we have that ru′ ∈ X. Then clearly ru′ ∈ [u] ∩Xr. □

Below is our symbolic representation theorem for non-terminating left division
systems. Recall the definition from Section 2.5 of replacement up to an equivalence
relation.

Theorem 9.5. Suppose T is the left division tree for the set of division coefficients
C = {Nk}, and X = [T ] is the corresponding left division order.

i. For every non-terminating left division system {Ak : k ∈ ω} on the coeffi-
cients C, there exists a collection of orders {I[u] : u ∈ X} indexed by the
E0-classes [u] of X such that for every regular node r ∈ T with |r| = k, we
have Ak

∼= Xr(I[u]). In particular, A0
∼= X(I[u]).

ii. Conversely, suppose {I[u] : u ∈ X} is a collection of orders indexed by the
E0-classes of X and X(I[u]) is the corresponding replacement of X up to
E0. Then for every pair of regular nodes r, s ∈ T with |r| = |s| we have
Xr(I[u]) ∼= Xs(I[u]).

Furthermore, if for each k we fix Ak isomorphic to Xr(I[u]) for some
(equivalently, any) regular node r with |r| = k, then Ak

∼= NkAk+1 +Ak+2

for all k ∈ ω, that is, {Ak : k ∈ ω} is a non-terminating left division system
on the coefficients C.

Proof. For (i.): For each k ∈ ω, fix a cut sequence in Ak

ak0 < ak1 < . . . < akNk
< akNk+1

that witnesses Ak
∼= NkAk+1 + Ak+2, i.e. such that ak0 , a

k
Nk+1 are the endcuts of

Ak, [a
k
i , a

k
i+1]

∼= Ak+1 for i < Nk, and [akNk
, akNk+1]

∼= Ak+2.
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Fix isomorphisms fk
i : Ak+1 → [aki , a

k
i+1] for i < Nk, and an isomorphism

fk
Nk0

: Ak+2 → [akNk
, akNk+1]. (The subscript in the second map is the 2-sequence

Nk0.)
We inductively define convex embeddings fr : A|r| → A0 for each regular node

r ∈ T , as follows.

• f∅ = idA0
;

• If r is regular with |r| = k and fr is defined, define

fri = frf
k
i

for all i ∈ {0, 1, . . . , Nk − 1, Nk0}.

Denote the image of fr by Ar. By induction, Ar
∼= A|r| for all regular r. For r

irregular, define Ar = Ar0.
For a regular r ∈ T with |r| = k, and for i ∈ {0, 1, . . . , Nk − 1, Nk0}, the

intervals Ari partition Ar in the lexicographic order of their indices. It follows that
for r, s ∈ T , we have Ar ⊆ As if r extends s and Ar < As if r <lex s (i.e. if for
some i < min(|r|, |s|), we have ri < si).

For a fixed u ∈ X, define

Iu =
⋂
n∈ω

Au↾n.

The intersection of a descending sequence of intervals is either an interval or cut,
which we view as an empty interval. Thus each Iu is a (possibly empty) interval
in A0. It follows from the preceding paragraph that these intervals are ordered
lexicographically by their indices u. Moreover, a straightforward induction shows
that each point a ∈ A0 belongs to a unique Iu, i.e. these intervals partition A0.
Thus A0

∼= X(Iu).
Relativizing this discussion to Ar, we have that Ar

∼= Xr(Iu) ∼= A|r| for every
regular r ∈ T .

We next show that Iu ∼= Iv whenever uE0v, so that in fact each Ar has the form
Xr(I[u]).

For regular nodes r, s ∈ T with |r| = |s|, the map fsf
−1
r : Ar → As is an

isomorphism. Further, for any i ∈ {0, 1, . . . , Nk − 1, Nk0}, we have

fsf
−1
r fri = fsf

−1
r frf

k
i

= fsf
k
i

= fsi.

By induction, for any finite sequence t such that rt ∈ T and rt is regular, we
have fsf

−1
r frt = fst. It follows fsf

−1
r [Art] = Ast.

Now suppose u, v ∈ X and uE0v as witnessed by the equations u = ru′ and
v = su′ for some r, s ∈ T with |r| = |s|. Extending r and s by the first entry of u′

if necessary (which must be 0 if one of r, s is irregular) we may assume r and s are
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regular. Then we have

fsf
−1
r [Iu] = fsf

−1
r [Iru′ ]

= fsf
−1
r

[⋂
n A(ru′)↾n

]
= fsf

−1
r

[⋂
n≥dom(r) A(ru′)↾n

]
= fsf

−1
r

[⋂
n Ar(u′↾n)

]
=

⋂
n fsf

−1
r [Ar(u′↾n)]

=
⋂

n As(u′↾n)

= Isu′

= Iv.

Hence Iu ∼= Iv.
Since u and v were arbitrary, for any fixed u ∈ X the intervals Iv for v ∈ [u]

have a common order type. Let I[u] be a fixed order of this type for every class [u].
Then A0

∼= X(I[u]), and more generally, Ar
∼= Xr(I[u]) ∼= A|r| for every regular r.

This concludes the proof of (i.).
For (ii.): Fix r, s ∈ T regular with |r| = |s|. We first check that the restricted

replacements Xr(I[u]) and Xs(I[u]) are isomorphic.
By the construction of X, for every infinite sequence u we have ru ∈ X if and

only if su ∈ X. Since ruE0su for any such u, and hence Iru = Isu, the rule
(ru, i) 7→ (su, i) is a well-defined mapping from Xr(I[u]) to Xs(I[u]). Moreover, it
is clearly order-preserving and bijective, i.e., an order-isomorphism of Xr(I[u]) and
Xs(I[u]). Thus Xr(I[u]) ∼= Xs(I[u]), as claimed.

Now, for each k ∈ ω, fix an order Ak of the same order type as every Xr(I[u])
with r regular and |r| = k. From the definition of X we have

Xr
∼= Xr0 +Xr1 + · · ·+Xr(Nk−1) +XrNk0.

Thus we have

Ak
∼= Xr(I[u])
∼= Xr0(I[u]) +Xr1(I[u]) + · · ·+Xr(Nk−1)(I[u]) +XrNk0(I[u])∼= Ak+1 +Ak+1 + · · ·+Ak+1 +Ak+2
∼= NkAk+1 +Ak+2.

Hence {Ak} is a non-terminating left division system on the coefficients C. □

9.1.1. Labeling the division tree X. Our dynamical representation for a given non-
terminating left division system is described in Section 9.2 below. It will be obtained
from the symbolic representation in Theorem 9.5 via a certain pushforward map
from the Z-product of the division tree X onto R.

Toward defining this representation, in this section we analyze the structure of
X and introduce some notation. It follows from the work below that X is an order-
theoretic Cantor set, i.e. a separable, complete linear order with a countable dense
collection of jumps.

From the definition of the division tree T we have that the points in X are
precisely those u ∈ ωω that satisfy, for each k ∈ ω, the following conditions:

i. 0 ≤ uk ≤ Nk;
ii. if uk = Nk then uk+1 = 0.

For k ∈ ω, let 0k denote the k-length sequence 00 . . . 0. Notice 0k ∈ T for every
k ∈ ω. Let 0 denote the identically zero sequence 000 . . . ∈ X. Observe that 0 is
the left endpoint of X.
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Let ek denote the sequence 0kNk0Nk+20 . . . ∈ X. Explicitly, (ek)i = 0 for i < k,
and for i ∈ ω, (ek)k+i = Nk+i for i even and (ek)k+i = 0 for i odd. Observe ek is
the right endpoint of the basic interval X0k . In particular, e0 = N00N20 . . . is the
right endpoint of X. Also observe ekE0ek′ if and only if k ≡ k′ (mod 2).

We say that a pair of points a < b in a linear order A is a jump pair if b is the
successor of a in A (i.e. if there is no c ∈ A such that a < c < b). We say a is the
left point and b is the right point of the jump pair.

The proposition below identifies the jump pairs in X.

Proposition 9.6. Fix two points u < v in X.

i. u, v are a jump pair if and only if for some regular node r ∈ T of length
k = |r| we have:

– 0 ≤ uk < Nk;
– vk = uk + 1;
– u = rukNk+10Nk+30 . . .;
– v = r(uk + 1)000 . . . = rvk0.

ii. If u, v are not a jump pair, there is s ∈ T such that u < Xs < v.

Proof. Since u < v there is r ∈ T of some length k such that u, v both begin with
r and uk < vk. Note that r is necessarily regular.

If uk + 1 < vk, then u < Xr(uk+1) < v. So suppose uk + 1 = vk.
If for all i ≥ 0 we have that uk+i+1 is the rightmost node below uk+i, and vk+i+1

is leftmost below vk+i, then u = rukNk+10Nk+30 . . . and v = rvk0. It is easy to see
that u, v form a jump pair, and conversely, any pair of this form is a jump pair.

If either uk+i+1 is not always rightmost below uk+i or vk+i+1 is not always
leftmost below vk, we may find a finite sequence s ∈ T lexicographically between u
and v, which gives u < Xs < v. □

It follows from Propositions 9.4 and 9.6 that for every pair u < v in X and
E0-class [w], either u, v form a jump pair or there is w′ ∈ [w] such that u < w′ < v.

From Proposition 9.6, if v is the right point of a jump pair in X, then v ∈ [0].
Conversely, if vE00 and v > 0, then v is the right point of a jump pair. Indeed,
if k is maximal such that vk > 0, so that v = rvk0 for some r of length k, then
u = r(vk − 1)Nk+10Nk+30 . . . is the left point in a jump pair with v.

If u is the left point in a jump pair in X, then from Proposition 9.6 either u ∈ [e0]
or u ∈ [e1]. Conversely, if u ∈ [e0] and u < e0, then u is the left point of a jump
pair with some v ∈ [0]. Namely, if uk is the last coordinate of u that is not maximal
below uk−1, so that u = rukNk+10Nk+30 . . ., then v = r(uk + 1)0 is the successor
of u. On the other hand, every point u ∈ [e1] is the left point of a jump pair in X.

If u < v is a jump pair in X and u ∈ [e0], then we say u, v is a backward orbit
pair. If u ∈ [e1] then it is a forward orbit pair.

Since [0], [e0], and [e1] are disjoint, two jumps in X are never consecutive. That
is, no point in X is at once the right point in a jump pair and the left point in
another.

It will be useful to extend the symbolic representation from Theorem 9.5 of the
initial order A0 in a left division system to its Z-product ZA0. To do this, we
first consider the Z-product ZX of the division order X. We extend E0 to ZX by
defining (m,u)E0(n, v) in ZX whenever uE0v in X.

The following proposition identifies the jump pairs in ZX. Its proof is clear.

Proposition 9.7. Fix points (m,u) < (n, v) in X. Exactly one holds:
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i. n = m and u < v is a jump pair in X;
ii. n = m+ 1, u = e0, and v = 0;
iii. There is s ∈ T and k ∈ Z with m ≤ k ≤ n such that (m,u) < X(k,s) <

(n, v).

If (i.) or (ii.) holds, then (m,u), (n, v) form a jump pair. Conversely, every jump
pair in ZX satisfies (i.) or (ii.).

Here X(k,s) denotes the interval in ZX consisting of points (k, u) with s initial
in u.

It follows from Proposition 9.7 that in every jump pair (m,u) < (n, v) in ZX we
have (n, v)E0(0, 0), and either (m,u)E0(0, e0) or (m,u)E0(0, e1). Conversely, since
in ZX the left endpoint (m, 0) in every copy of X forms a jump pair with the right
endpoint (m − 1, e0) of the previous copy, now every point in [(0, 0)] is the right
point in a jump pair, and every point in [(0, e0)]∪ [(0, e1)] is the left point of a jump
pair.

Copying over the terminology fromX, we say that pairs for which (m,u)E0(0, e1)
are forward orbit pairs, and pairs for which (m,u)E0(0, e0) are backward orbit pairs.

Given a left division system {Ak} on the division coefficients C, the representation
for A0

∼= X(I[u]) from Theorem 9.5 can be lifted to get a representation for ZA0.

Theorem 9.8. Suppose {Ak : k ∈ ω} is a non-terminating left division system on
the coefficients C.

Then there is a collection of orders I[(n,u)] indexed by the E0-classes of ZX such
that ZA0

∼= ZX(I[(n,u)]). Moreover, for every n ∈ Z and regular node r ∈ T with
|r| = k, we have Ak

∼= X(n,r)(I[(n,u)]).

Proof. Let A0
∼= X(I[u]) be the symbolic representation of A0 from Theorem 9.5.

Define I(n,u) = Iu for every n ∈ Z and u ∈ X. Then I(m,u)
∼= I(n,v) whenever

(m,u)E0(n, v). Hence the replacement ZX(I(n,u)) is a replacement of ZX up to
E0, which we denote ZX(I[(n,u)]).

For a given n ∈ Z and r ∈ T , it is straightforward to see from the definition of
the replacements that

X(n,r)(I[(n,u)]) ∼= Xr(I[u]) ∼= A|r|.

In particular, for every n ∈ Z we have X(n,∅)(I[(n,u)]) ∼= X(I[u]) ∼= A0, which yields

ZX(I[(n,u)]) ∼= · · ·+X(−1,∅)(I[(n,u)]) +X(0,∅)(I[(n,u)]) +X(1,∅)(I[(n,u)]) + · · ·
∼= ZA0,

as desired. □

The extended representation of ZA0 from Theorem 9.8 will be pushed forward
in the next section to get a representation of ZA0 as a replacement of R.

9.2. Real representations of left systems. We now turn to describing our dy-
namical representation for left systems.

First, we will show that after pasting together the points in each of its jump
pairs, ZX equipped with E0 is naturally order-isomorphic to R equipped with the
orbit equivalence relation EG of a group of translations generated by real numbers
satisfying the equations from a division system on C.

Consider the system of equations {ak = Nkak+1 + ak+2} on the coefficients C.
Define a0 = 1 and then let {ak : k ∈ ω} be the unique sequence of real numbers
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satisfying these equations. As discussed in Section 8, the ak may be computed
via the continued fraction expansions that are determined by the equations in the
system. We have that ak is irrational for k ≥ 1, and the sequence {ak} decreases
to 0.

A translation of R is a map of the form f(x) = x+ a for some a ∈ R. We often
identify the translation f with a, and by extension, the group of all translations of
R (under composition) with the additive group (R,+).

Let G = ⟨a0, a1⟩ be the group of translations of R generated by the translations
f(x) = x+ a0 = x+ 1 and g(x) = x+ a1, which we identify with 1 and a1.

Let EG be the orbit equivalence relation of G. Then for x, y ∈ R we have xEGy
if and only if there are integers m,n such that y = x+m+na1. By the irrationality
of a1, every orbit equivalence class [x]EG

= [x] is dense in R.
If we view G as a subgroup of (R,+), then [0] = G.
Suppose x ∈ [0], so that x = m+na1 for some m,n ∈ Z. We say that x is in the

forward orbit of 0 under G (or simply, the forward orbit of G) if n > 0, and x is in
the backward orbit of 0 if n ≤ 0.

Write [0]+EG
= [0]+ for the forward orbit of 0 and [0]−EG

= [0]− for the backward

orbit. Then [0] = [0]+ ∪ [0]−. By the irrationality of a1, [0]
+ ∩ [0]− = ∅. Both the

forward and backward orbits of 0 are dense in R.
Write E±

G for the equivalence relation obtained from EG by splitting [0] into
its forward and backward parts, so that [0]+ = [a1]E±

G
and [0]− = [0]E±

G
, and for

x ̸∈ [0], we have [x]E±
G
= [x]EG

.

We adopt the convention that the notation [x] without any subscript refers to
[x]EG

. When we wish to specify the E±
G -class of x, we write [x]E±

G
.

There is a close connection between the forward and backward orbit distinction
in R and ZX that explains the terminology in ZX.

Definition 9.9. Define a map σ : ZX → R by the rule

σ(m,u) = m+
∑
k∈ω

ukak+1.

We will use the map σ to push the representation ZX(I[(n,u)]) of ZA0 as a
replacement of ZX up to E0 forward to a representation R(K[x]) of ZA0 as a

replacement of R up to E±
G .

Toward this, we now establish a series of lemmas whose content is essentially
that, up to condensing jump pairs to singletons and distinguishing the forward and
backward orbits of the origin, σ is an order-isomorphism of ZX equipped with E0

and R equipped with EG.

Definition 9.10. A formal sum
∑

k∈ω xkak+1 with integer coefficients xk is a
normal form sum if for all k ∈ ω we have 0 ≤ xk ≤ Nk, and whenever xk = Nk

then xk+1 = 0.

Lemma 9.11. For all m ∈ Z and k ∈ ω, we have σ(m, ek) = m+ ak.
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Proof. Fix k ∈ ω. By repeated expansion of remainder terms, we have

ak = Nkak+1 + ak+2

= Nkak+1 +Nk+2ak+3 + ak+4

...
= Nkak+1 +Nk+2ak+3 + · · ·+Nk+2iak+2i+1 + ak+2i+2

... .

Since the terms ak+2i+2 converge to 0, the partial sums
∑m

i=0 Nk+2iak+2i+1

converge to ak, i.e. ak may be expressed as a convergent series

ak = Nkak+1 +Nk+2ak+3 + · · · =
∑
i∈ω

Nk+2iak+2i+1.

Now observe that

σ(m, ek) = m+ 0a0 + 0a1 + · · ·+ 0ak−1 +
∑
i∈ω

Nk+2iak+2i+1 = m+ ak,

as claimed. □

The next lemma will allow us to show that σ is essentially <-preserving.

Lemma 9.12. Suppose
∑

i xiai+1 is a normal form sum such that xi = 0 for all
i < k. Then the sum converges to a real number x ≤ ak, and x = ak if and only if
xk+2i = Nk+2i and xk+2i+1 = 0 for all i ∈ ω.

Proof. Let x denote the normal form sum
∑

i xiai+1. Since its first k terms are 0,
we have

x =
∑
i

xiai+1 =
∑
i

xk+iak+i+1 = xkak+1 + xk+1ak+2 + · · · .

Suppose first xk < Nk. Separating the terms xk+iak+i+1 by parity, we have

x = xkak+1 + (xk+1ak+2 + xk+3ak+4 + · · · ) + (xk+2ak+3 + xk+4ak+5 + · · · )
≤ xkak+1 + ak+2 + ak+3,

where the inequality follows from the proof of Lemma 9.11 and the fact that x is
a normal form sum. In particular, the sums in the above expression converge, and
hence x does as well.

Since ak+2 + ak+3 ≤ Nk+1ak+2 + ak+3 = ak+1, we have

x ≤ (xk + 1)ak+1 ≤ Nkak+1 < ak,

and we are done in this case.
Now suppose xk = Nk. Then, since x is in normal form, xk+1 = 0. Isolating the

term xk+2ak+3 and separating the subsequent terms by parity we have

x = Nkak+1 + xk+2ak+3 + (xk+3ak+4 + xk+4ak+5 + · · · )
If xk+2 < Nk+2, then if we separate the parenthesized terms above by parity and
again apply the proof of Lemma 9.11 we obtain

x ≤ Nkak+1 + (xk+2 + 1)ak+3 ≤ Nkak+1 +Nk+2ak+3 < Nkak+1 + ak+2 = ak.

Otherwise xk+2 = Nk+2 and we induct. If at some finite stage the induction
terminates we prove x < ak. If it never terminates, we show

x = Nkak+1 +Nk+2ak+3 + · · · = ak,
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as claimed. □

Proposition 9.13. The following hold:

i. The map σ : ZX → R is well-defined, that is, for every u ∈ X the sum∑
k ukαk+1 converges.

ii. Given points (m,u) < (n, v) in ZX, we have σ(m,u) ≤ σ(n, v) in R, and
σ(m,u) = σ(n, v) if and only if (m,u), (n, v) form a jump pair.

iii. σ is surjective.

Proof. For (i.): By definition of X,
∑

k ukak+1 is a normal form sum. By Lemma
9.12, this sum converges to a real number x ≤ a0 = 1.

For (ii.): Writing u−1 = m and v−1 = n, let k be least such that uk ̸= vk. Then
uk < vk, and we have

σ(m,u) = uk−1 + u0a1 + · · ·+ uk−1ak + ukak+1 +
∑

i uk+i+1ak+i+2,
σ(n, v) = uk−1 + u0a1 + · · ·+ uk−1ak + vkak+1 +

∑
i vk+i+1ak+i+2.

By Lemma 9.12, we have
∑

i uk+i+1ak+i+2 ≤ ak+1. It moreover follows from
Lemma 9.12 that

∑
i uk+i+1ak+i+2 = ak+1 and

∑
i vk+i+1ak+i+2 = 0 if (m,u), (n, v)

form a jump pair. In this case, we have σ(m,u) = σ(n, v).
If they do not form a jump pair, then again by Lemma 9.12 we have that either∑
i uk+i+1ak+i+2 < ak+1 or

∑
i vk+i+1ak+i+2 > 0, in which case σ(m,u) < σ(n, v),

as claimed.
For (iii.): We sketch the idea, which is straightforward. Fix x ∈ R.
Let m ∈ Z be least such that x ∈ [m,m+ 1). Now let u0 be maximal such that

m+ u0a1 ≤ x. Since 1 = a0 = N0a1 + a2, we have 0 ≤ u0 ≤ N0.
If u0 < N0, then x ∈ [m+u0a1,m+(u0+1)a1), which has length a1 = N1a2+a3.

In this case, let u1 be maximal such that m+ u0a1 + u1a2 ≤ x, and continue.
If instead u0 = N0, then x ∈ [m+N0a1,m+N0a1 + a2) = [m+N0a1, 1), which

has length a2 = N2a3 + a4. In this case, let u1 = 0, and let u2 be maximal such
that m+ u0a1 + u2a3 ≤ x, and continue.

The partial sums m+ u0a1 + u1a2 + · · ·+ ukak+1 constructed this way converge
to x = m+

∑
i uiai+1 = σ(m,u), where u = (u0, u1, . . .). By construction, the sum∑

i uiai+1 is in normal form and thus u ∈ X. Hence σ is surjective. □

We write [(0, 0)]+ for the set of (n, v) ∈ [(0, 0)] belonging to forward orbit jump
pairs, and correspondingly [(0, 0)]− for the set of (n, v) ∈ [(0, 0)] belonging to
backward orbit pairs.

Lemma 9.14. The images of [(0, 0)]+ and [(0, 0)]− under σ are [0]+ and [0]−

respectively.

Proof. We first claim that for (n, u) ∈ [(0, 0)]+ we have σ(n, u) ∈ [0]+. Since
(n, u) ∈ [(0, 0)]+, the last nonzero entry u2k of u is of even index. Thus we have

(9.1) σ(n, u) = n+ u0a1 + u1a2 + · · ·+ u2k−1a2k + u2ka2k+1

Since ak+2 = ak −Nkak+1 for all k and a1 ≡ 1a1 (mod 1), by induction we have
that for all k ≥ 1 there is an integer Mk > 0 such that ak ≡ Mka1 (mod 1) when
k is odd and ak ≡ −Mka1 (mod 1) when k is even.

Thus we have

σ(n, u) ≡ u0M1a1 − u1M2a1 + · · · − u2k−1M2ka1 + u2kM2k+1a1 (mod 1)
≡ (u0M1 − u1M2 + · · · − u2k−1M2k + u2kM2k+1)a1 (mod 1).
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Since the sum 9.1 for σ(n, u) is in normal form, the minimal possible value of
the coefficient sum u0M1−u1M2+ · · · −u2k−1M2k +u2kM2k+1 above occurs when
u0 = u2 = . . . = u2k−2 = 0, u2k = 1 (as we must have u2k > 0), and u2i+1 = N2i+1

for all i < k, i.e., when

σ(n, u) = n+N1a2 +N3a4 + · · ·+N2k−1a2k + a2k+1

= n+ a1.

Thus the coefficient sum u0M1−u1M2+ · · ·−u2k−1M2k +u2kM2k+1 is positive.
Label it N . Then σ(n, u) ≡ Na1 (mod 1) and hence σ(n, u) = m′ +Na1 for some
m′ ∈ Z, i.e. σ(n, u) ∈ [0]+.

A symmetric argument shows that for (n, u) ∈ [(0, 0)]−, we have σ(n, u) ∈ [0]−.
To finish the proof of the lemma, it suffices to check that σ maps [(0, 0)] onto

[0]. For this, it suffices to check that for every integer k, we have that x = ka1 can
be written as a normal form sum with only finitely many nonzero coefficients, as
then there is a corresponding (n, u) ∈ [(0, 0)] such that σ(n, u) = x.

We first show this is true for k > 0, by induction. Since 1a1 is a normal form
sum, the claim holds for k = 1. Suppose it is true for k, so that we have

ka1 = m+ x0a1 + · · ·+ xnan+1

in normal form. Then

(k + 1)a1 = m+ (x0 + 1)a1 + · · ·+ xnan+1.

If x0 < N0, then this sum is in normal form. Otherwise x0 = N0 and x1 = 0.
Expanding the second term in the sum as

N0a1 + a1 = N0a1 +N1a2 + a3 = 1 + 0a1 + (N1 − 1)a2 + a3

we have

(k + 1)a1 = (m+ 1) + 0a1 + (N1 − 1)a2 + (x2 + 1)a3 + · · ·+ xnan+1.

If x2 < N2, then this sum is in normal form. Otherwise, x2 = N2 and x3 = 0.
Now similarly, we expand the term (x2 + 1)a3 as

N2a3 + a3 = N2a3 +N3a4 + a5 = a2 + (N3 − 1)a4 + a5,

and then write the sum as follows:

(k + 1)a1 = (m+ 1) + 0a1 +N1a2 + 0a3 + (N3 − 1)a4 + (x4 + 1)a5 + · · ·+ xnan+1.

And so on. This process terminates in a sum in normal form, either before reaching
the last nonzero term in the original sum, or as a sum of the form

(k + 1)a1 = (m+ 1) + 0a1 +N1a2 + 0a3 +N3a4 + 0a5 + · · ·+N2k−1a2k + a2k+1.

In either case, we finish having written (k + 1)a1 as a normal form sum with only
finitely many nonzero coefficients, as desired.

For k < 0, we proceed similarly. First we note

(9.2) −a1 = −1 + (1− a1) = −1 + (N0 − 1)a1 + a2,

which is of the desired normal form. For a fixed k < 0, suppose we have

ka1 = m+ x0a1 + · · ·+ xnan+1

in normal form. If x0 ≥ 1, then

(k − 1)a1 = m+ (x0 − 1)a1 + · · ·+ xnan+1,
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which is in normal form. Otherwise, x0 = 0 and then from 9.2 we have

(k − 1)a1 = ka1 + (−a1) = m− 1 + (N0 − 1)a1 + (x1 + 1)a2 + · · ·+ xnan+1.

If x1 < N1, then this sum is in normal form. Otherwise, x1 = N1 and x2 = 0.
Now by a similar argument as in the k > 0 case we continue, finishing either before
reaching the last nonzero term, or as a sum in the form

(k − 1)a1 = m− 1 +N0a1 + 0a2 +N2a3 + · · ·+N2(k−1)a2k−1 + a2k.

In either case, we have written (k − 1)a1 as a sum of the desired normal form. We
are done. □

Lemma 9.15. Suppose x, y ∈ R, x, y ̸∈ [0], and xE±
Gy (equivalently, xEGy). Then

σ−1(x) and σ−1(y) are singletons and we have σ−1(x)E0σ
−1(y).

Proof. Proposition 9.13 implies that for (n, u) ∈ ZX, we have σ(n, u) ∈ [0] if and
only if (n, u) belongs to a jump pair. Thus x, y ̸∈ [0] implies σ−1(x) = (m,u) and
σ−1(y) = (n, v) are singletons.

Said another way, x, y have unique normal form sum representations:

x = m+
∑

i uiai+1

y = n+
∑

i viai+1.

From xEGy we have y = x + l + ka1 for some l, k ∈ Z. We want to show
(m,u)E0(n, v). It suffices to check the cases when y = x + a1 and y = x − a1, as
then the general case follows easily by induction.

We have

x+ a1 = m+ (u0 + 1)a1 + u1a2 + · · · .
If u0 < N0, then this sum is in normal form. Otherwise u0 = N0 and u1 = 0.
Proceed as in the proof of Lemma 9.12. The rewriting process must terminate at
some finite stage, since the only way it does not is if u2k = N2k and u2k+1 = 0 for
all k. But then (n, u) = (n, e0) is the left point of a jump pair, a contradiction.

Thus we finish with a normal form sum representation of x+ a1. The proof for
x− a1 is similar. □

Below is our dynamical representation theorem for left division systems on the
coefficients C.

Theorem 9.16. Suppose that {Ak} is a non-terminating left division system on
the coefficients C. Then there is a collection of ordersK[x] indexed by the E±

G -classes
of R such that ZA0

∼= R(K[x]).
Moreover, there are decompositions

K0
∼= L+R

Ka1
∼= L′ +R

such that for every k ∈ ω, we have

k even ⇒ Ak
∼= R+ (0, ak)(K[x]) + L

k odd ⇒ Ak
∼= R+ (0, ak)(K[x]) + L′.

Here (0, ak) denotes the open interval in R, and (0, ak)(K[x]) the restriction of
the replacement R(K[x]) to this interval.
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Proof. Let ZX(I[(n,u)]) be the symbolic representation of ZA0 from Theorem 9.8.
We push forward via σ the replacement ZX(I[(n,u)]) of ZX to a replacement

R(Kx) of R. More precisely, for x ∈ R such that σ−1(x) is a singleton (m,u), define

Kx = I(m,u).

By Proposition 9.13, this happens exactly for x ̸∈ [0].
For x ∈ [0], σ−1(x) is a jump pair {(m,u), (n, v)}, say with (m,u) < (n, v). For

such an x, define

Kx = I(m,u) + I(n,v).

Consider the resulting replacement R(Kx). It follows from Lemmas 9.14 and
9.15 and the fact that ZX(I[(n,u)]) is a replacement up to E0 that R(Kx) is a

replacement up to E±
G . We denote it R(K[x]).

For (m,u) < (n, v) a jump pair in ZX, for the moment let us view the sum
I(m,u) + I(n,v) set-theoretically as the disjoint union of I(m,u) and I(n,v). Then the
rule

(9.3) (n, u, i) 7→ (σ(n, u), i)

defines a well-defined map from ZX(I[(n,u)]) to R(K[x]), which for jump pairs
(m,u) < (n, v) takes the orders I(m,u) and I(n,v) replacing the adjacent points
(m,u), (n, v) onto the order I(m,u) + I(n,v) replacing x = σ(m,u) = σ(n, v). By the
definition of the replacement R(K[x]), this map is clearly an order-isomorphism.
Hence

ZA0
∼= ZX(I[(n,u)]) ∼= R(K[x]).

Next, from the definition of R(K[x]) we have the isomorphisms

K0
∼= I(−1,e0) + I(0,0)

∼= L+R

Ka1
∼= I(0,e1) + I(0,a10)

∼= L′ +R

where L = I(−1,e0), L
′ = I(0,e1), and R = I(0,0)

∼= I(0,a10)
.

For a given k, we have Ak
∼= X(0,0k)(I[(n,v)]) by Theorem 9.8. The left endpoint

of X(0,0k) is (0, 0) and the right endpoint is (0, ek).

Since σ(0, 0) = 0 and, by Lemma 9.11, σ(0, ek) = ak, we have that the interval
X(0,0k)(I[(n,v)]) in ZX(I[(n,v)] pushes forward (via 9.3) to an interval in R(K[x]) that
decomposes as

I(0,0) + (0, ak)(K[x]) + I(0,ek)

Since I(0,ek)
∼= I(0,e0)

∼= L when k is even and I(0,ek)
∼= I(0,e1)

∼= L′ when k is odd,
the last claim in the statement of the theorem follows. □

Definition 9.17. Let D = {Ak} be a fixed non-terminating left division system
on the coefficients C. The representations

A|r| ∼= Xr(I[u])
ZA0

∼= ZX(I[(n,u)])

yielded by Theorems 9.5 and 9.8 are symbolic representations of the orders Ak and
ZA0 for the system D.

The representations

A2k
∼= R+ (0, a2k)(K[x]) + L

A2k+1
∼= R+ (0, a2k)(K[x]) + L′

ZA0
∼= R(K[x])
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yielded by Theorem 9.16 are real representations of the orders Ak and ZA0 for D.

Definition 9.18. The real representation ZA0
∼= R(K[x]) from Theorem 9.16 is

sufficient if K0
∼= Ka1 . It is symmetric if L ∼= L′.

Since K0
∼= L + R and Ka1

∼= L′ + R, symmetry of the real representation in
Definition 9.18 implies sufficiency.

The following proposition says that sufficiency is just the assertion Ka
∼= Ka′ for

all a, a′ ∈ G = [0].

Proposition 9.19. If the real representation ZA0
∼= R(K[x]) from Theorem 9.16

is sufficient, then R(K[x]) is a replacement up to EG.

Proof. Immediate from Theorem 9.16: if K0
∼= Ka1 then Kx

∼= Ky for all x, y ∈ [0].
Then Kx

∼= Ky for all x, y such that xEGy. □

The following lemma says that when its real representation is sufficient, every
a ∈ G induces an automorphism of ZA0

∼= R(K[x]).

Lemma 9.20. Suppose the representation ZA0
∼= R(K[x]) from Theorem 9.16 is

sufficient and φ : K0 → Ka1
is a fixed isomorphism. Then any a ∈ G induces an

automorphism of R(K[x]) via the map

(x, k) 7→

 (x+ a, φ(k)) if x ∈ [0]−, g(x) ∈ [0]+;
(x+ a, φ−1(k)) if x ∈ [0]+, g(x) ∈ [0]−;
(x+ a, k) otherwise.

If the representation is symmetric, then φ may be taken to be the identity.

Proof. If x ∈ [0]− and x + a ∈ [0]+, then Kx
∼= K0 and Kx+a

∼= Ka1
, hence the

rule (x, k) 7→ (x+ a, φ(k)) is well-defined.
Symmetrically, (x, k) 7→ (x+ a, φ(k)) is well-defined if x ∈ [0]+, x+ a ∈ [0]−.
In all other cases Kx

∼= Kx+a since not only xEGx + a but xE±
G(x + a), and

so (x, k) 7→ (x + a, k) is well-defined. Thus the map is well-defined globally, and
clearly is an automorphism of R(K[x]). □

Since the discussion in Section 5.3 concerning the data yielded by a run of the left
Euclidean algorithm depends only on arithmetic identities satisfied by the division
terms Ak, and not the convex embeddings from which they arose, it applies to an
arbitrary terminating left division system {Ak;M}. Thus from that discussion, we
know that for such a system we have, for k, k′ < M ,

ZAk
∼= ZAk′ ;

ωAk
∼= ωAk′ ;

ω∗Ak
∼= ω∗Ak′ if k ≡ k′ (mod 2).

The proposition below says that if a non-terminating left system has a sufficient
real representation then the same isomorphisms hold.

Proposition 9.21. Consider the real representation ZA0
∼= R(K[x]) from Theorem

9.16.

i. If the representation is sufficient, then for all k, k′ ∈ ω, we have

ZAk
∼= ZAk′ ;

ωAk
∼= ωAk′ ;

ω∗Ak
∼= ω∗Ak′ if k ≡ k′ (mod 2).
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ii. If the representation is moreover symmetric, then Ak+Ak′ ∼= Ak′ +Ak and
ω∗Ak

∼= ω∗Ak′ for every k, k′ ∈ ω.

Proof. We have

ωAk
∼= R+ (0, ak)(K[x]) +M +R+ (0, ak)(K[x]) +M +R+ · · ·

where M = L or M = L′ depending on the parity of k. In either case, by sufficiency
we have M + R ∼= Kak

. Further, since the representation is a replacement up to
EG and ak ∈ G, we have Kak

∼= Knak
and (0, ak)(K[x]) ∼= (nak, (n + 1)ak)(K[x])

for every n ∈ ω, via translation by nak ∈ G. Hence

ωAk
∼= R+ (0, ak)(K[x]) +M +R+ (0, ak)(K[x]) +M +R+ · · ·
∼= R+ (0, ak)(K[x]) +Kak

+ (ak, 2ak)(K[x]) +K2ak
+ · · ·

∼= R+ (0,∞)(K[x]).

Since k was arbitrary, we have ωAk
∼= ωAk′ ∼= R+ (0,∞)(K[x]) for every k, k′ ∈ ω.

Similar arguments show that

ZAk
∼= R(K[x]) ∼= ZA0

for every k, k′ ∈ ω, and on the other side,

ω∗Ak
∼= (−∞, 0)(K[x]) + L

when k is even and

ω∗Ak
∼= (−∞, 0)(K[x]) + L′

when k is odd. This proves (i.).
For (ii.), if we have L ∼= L′, then the above yields

ω∗Ak
∼= (−∞, 0)(K[x]) + L ∼= ω∗Ak′

Further,

Ak +Ak′ ∼= R+ (0, ak)(K[x]) + L+R+ (0, ak′) + L
∼= R+ (0, ak)(K[x]) +Kak

+ (ak, ak + ak′)(K[x]) + L
∼= R+ (0, ak + ak′)(K[x]) + L

for all k, k′ ∈ ω. Since ak + ak′ = ak′ + ak, this implies Ak +Ak′ ∼= Ak′ +Ak. □

There are examples showing that the sufficiency hypothesis from Proposition
9.21 cannot in general be dropped.

9.3. Real representations of right systems. Here we state the analogous real
representation theorem for non-terminating right division systems. The (omitted)
proof is symmetric with the corresponding left division proof.

Since it is only the real representations of such systems that will be of interest
later, we leave out discussing their symbolic representations.

The set of division coefficients C = {Nk}, the sequence {ak}, and the group G
are the same as in the previous section.

There is one important difference of notation from the left-sided setting: we now
view G as generated by the translations x 7→ x− 1 and x 7→ x− a1. Consequently,
we redefine the forward and backward orbits of [0] = [0]EG

:

[0]+ = {x ∈ R : ∃m,n ∈ Z, n > 0, x = m+ n(−a1)}
and

[0]− = {x ∈ R : ∃m,n ∈ Z, n ≤ 0, x = m+ n(−a1)}.
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We again write E±
G for the equivalence relation obtained from EG by splitting [0]

into the two classes [0]+ and [0]−.

Theorem 9.22. Suppose that {Ak} is a non-terminating right division system on
the coefficients C. Then there is a collection of ordersK[x] indexed by the E±

G -classes
of R such that ZA0

∼= R(K[x]).
Moreover, there are decompositions

K0
∼= L+R

K−a1
∼= L+R′

such that for every k ∈ ω,

k even ⇒ Ak
∼= R+ (−ak, 0)(K[x]) + L

k odd ⇒ Ak
∼= R′ + (−ak, 0)(K[x]) + L.

Symmetrically with the left case, we say that the representation from Theorem
9.22 is sufficient if L+R ∼= L+R′ and symmetric if R ∼= R′.

If the representation is sufficient, then Ka
∼= Ka′ for any a, a′ ∈ G = [0], in which

case any a ∈ G lifts to an automorphism of R(K[x]) via the right-sided version of
Lemma 9.20.

Here is the analogue of Proposition 9.21.

Proposition 9.23. Consider the real representation ZA0
∼= R(K[x]) from Theorem

9.22.

i. If the representation is sufficient, then for all k, k′ ∈ ω, we have

ZAk
∼= ZAk′ ;

ω∗Ak
∼= ω∗Ak′ ;

ωAk
∼= ωAk′ if k ≡ k′ (mod 2).

ii. If the representation is moreover symmetric, then Ak+Ak′ ∼= Ak′ +Ak and
ωAk

∼= ωAk′ for every k, k′ ∈ ω.

9.4. Real representations of symmetric systems. We now state the real repre-
sentation theorem for non-terminating symmetric division systems. There is a new
wrinkle here: in general, in order to get symmetry of the representation from the
symmetry of the division system, we have to assume an extra hypothesis, namely
that the system is non-splitting.

Theorem 9.24. Suppose that {Ak} is a non-terminating, non-splitting symmetric
division system on the coefficients C. Then there is a collection of orders K[x]

indexed by the EG-classes of R such that ZA0
∼= R(K[x]).

Moreover, there is a decomposition

K0
∼= L+R

such that for every k ∈ ω,

Ak
∼= R+ (0, ak)(K[x]) + L.

Proof. View {Ak} = {Ak
∼= NkAk+1 +Ak+2} = D as a left division system.

Let ZX(I[(n,u)]) be the symbolic representation of ZA0 from Theorem 9.8, and
let R(K[x]) be its pushed forward real representation (via the map σ) from Theorem
9.16. Let

A0
∼= R+ (0, 1)(K[x]) + L

A1
∼= R+ (0, a1)(K[x]) + L′
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denote the corresponding real representations of A0 and A1.
Since the system is symmetric we have A0 +A1

∼= A1 +A0. Fix an isomorphism
f : A0+A1 → A1+A0. View L′ as a final segment of A1, and A1 as a final segment
of A0 +A1. Likewise, view L as a final segment of A0, and A0 of A1 +A0.

From the proof of 9.16 we have L ∼= I(0,e0) and L′ ∼= I(0,e1).
Recall from the proof of Theorem 9.5 that in the symbolic representation A0

∼=
X(I[u]), the rightmost replacement order Ie0 , which is isomorphic to I(0,e0), is ob-
tained as an intersection of a rightward D-branching {In} in A∅ ∼= A0: namely, by
taking I0 to be the final copy AN00 of A2 within A∅ ∼= N0A1 +A2, taking I1 to be
the final copy AN00N20 of A4 within AN00

∼= N2A3 +A4, and so on.
Recall the definition of the branching condensation ∼D from Section 6.2. Since

D is non-splitting, by Proposition 6.14 the branching intersection
⋂

n In
∼= L is an

initial segment of the ∼D-class δ(x) for any given x ∈ L. Since L is a final segment
of A0, it must in fact equal δ(x). Thus, if L is non-empty, it is the rightmost
∼D-class in A0.

By a similar argument L′ is the rightmost ∼D-class in A1, if it is nonempty.
By Proposition 6.12, since D is non-splitting, ∼D-classes are preserved by convex
embeddings. Since f is an isomorphism (i.e., a surjective convex embedding), it
follows one of A0+A1 and A1+A0 has a nonempty rightmost ∼D-class if and only
if the other does, and in this case, f sends one of these classes onto the other. That
is, either L = L′ = ∅ or f [L′] = L. In either case, L ∼= L′.

Thus the representation R(K[x]) is symmetric, and the theorem now follows from
Theorem 9.16. □

In Section 9.6, we will generalize the rigidity argument for ∼D-classes of non-
splitting systems from the proof above. See Theorem 9.31.

Proposition 9.25. Consider the real representation ZA0
∼= R(K[x]) from Theorem

9.24. Then for all k, k′ ∈ ω we have the identities:

ZAk
∼= ZAk′ ;

ω∗Ak
∼= ω∗Ak′ ;

ωAk
∼= ωAk′ .

Proof. Straightforward from Theorems 9.21 and 9.24. □

9.5. Representations of rational systems. In this section we present the anal-
ogous symbolic and real representation theorems for non-terminating rational di-
vision systems. We indicate the proofs only briefly: though they are not identical
to the corresponding proofs from Section 9.1 for left systems, they take the same
approach and are in fact simpler. In particular, there is no distinction between for-
ward and backward orbits of the origin, and the representations are automatically
symmetric.

Let C = {Nk} denote a fixed set of rational division coefficients.

Definition 9.26. The rational division tree T C = T on the coefficients C is defined
recursively as follows.

• T0 = {∅}.
• Given Tk for k ∈ ω and a terminal node r ∈ Tk, we have by induction

that |r| = k. Define the set of extensions Sr = {r0, r1, . . . , r(Nk − 1)} of r,
consisting of the successors ri for 0 ≤ i ≤ Nk − 1.
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Define

Tk+1 = Tk ∪
⋃

r ∈ Tk terminal

Sr.

• Define

T =
⋃
k∈ω

Tk.

Definition 9.27. The rational division order XC = X on the coefficients C is the
body [T ] of the rational division tree T on the coefficients C, equipped with the
lexicographical ordering.

We copy over the notation and terminology from the one-sided representation
setting. In particular Tr, Xr, and E0 have their expected meanings for rational
division trees T and orders X.

Theorem 9.28. Suppose T is the rational division tree for the division coefficients
C and X is the corresponding rational division order.

i. For every non-terminating rational division system {Ak : k ∈ ω} on the
coefficients C, there exists a collection of orders {I[u] : u ∈ X} indexed by
the E0-classes [u] of X such that for every node r ∈ T with |r| = k, we
have Ak

∼= Xr(I[u]). In particular, A0
∼= X(I[u]).

ii. Conversely, suppose {I[u] : u ∈ X} is a collection of orders indexed by
the E0-classes of X and X(I[u]) is the corresponding replacement of X
up to E0. Then for every pair of nodes r, s ∈ T with |r| = |s| we have
Xr(I[u]) ∼= Xs(I[u]).

Furthermore, if for each k we fix Ak isomorphic to Xr(I[u]) for some
(equivalently, any) node r with |r| = k, then Ak

∼= NkAk+1 for all k ∈ ω,
that is, {Ak : k ∈ ω} is a non-terminating rational division system on the
coefficients C.

Proof. Analogous to the proof of Theorem 9.5. Since the system is rational, the
tree T has no irregular nodes. For every r ∈ T , recursively define embeddings
fr : A|r| → A0 via the rule

fri = frf
k
i

for 0 ≤ i ≤ Nk − 1, where fk
i is a fixed embedding of Ak+1 onto its ith copy in Ak.

Then taking intersections of iterated images of the maps fr yields a representation
of the form A0

∼= X(I[u]), and more generally Ak
∼= Xr(I[u]) for any |r| = k. This

yields (i.); (ii.) is also straightforward adaptation. □

Consider the sequence of rational numbers ak determined by the equations

ak = Nkak+1

(on the coefficients Nk ∈ C) by setting a0 = 1. Thus for k > 0, we have

ak =
1

N0N1 · · ·Nk−1
.

Let G denote the group of translations on R generated by the maps x 7→ x+ ak,
and let EG denote its orbit equivalence relation. Since the sequence ak converges
to 0, the orbits [x]EG

= [x] are each dense in R.
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Theorem 9.29. Suppose that {Ak} is a rational division system on the coefficients
C. Then there is a collection of orders K[x] indexed by the EG-classes of R such
that ZA0

∼= R(K[x]).
Moreover, there is a decomposition

K0
∼= L+R

such that for every k ∈ ω,

Ak
∼= R+ (0, ak)(K[x]) + L.

Proof. From the representation X(I[u]) of A0 we may write down a representation
ZX(I[(n,u)]) of ZA0 that we will push forward to get R(K[x]).

Define the map σ : ZX → R as before:

σ(n, u) = n+
∑
k∈ω

ukak+1.

Then σ is essentially an order-isomorphism of ZX and R, up to condensing each
jump pair in ZX onto a singleton in [0]EG

= [0].
Let e0 denote the sequence (N0 − 1)(N1 − 1) . . . ∈ X. Then e0 is the right

endpoint of X; 0 is its left endpoint.
Each jump pair in X has its left point in the E0-class of e0 and its right point

in the E0-class of 0. Thus if we replace each x ∈ R by

Kx = Iσ−1(x)

whenever σ−1(x) is a singleton, and by

Kx = Ie0 + I0

whenever x is a condensed jump pair (i.e. when x ∈ [0]), the resulting replacement
R(K[x]) is up to EG and naturally isomorphic (via σ) to ZX(I[(n,u)]) ∼= ZA0. □

Since the replacement R(K[x]) is up to EG in Theorem 9.29, every a ∈ G induces
the automorphism (x, k) 7→ (x+ a, k) of R(K[x]).

Proposition 9.30. Consider the real representation ZA0
∼= R(K[x]) from Theorem

9.29. Then for all k, k′ ∈ ω, we have Ak+Ak′ ∼= Ak′+Ak and we have the identities:

ZAk
∼= ZAk′ ;

ω∗Ak
∼= ω∗Ak′ ;

ωAk
∼= ωAk′ .

Proof. Straightforward from Theorem 9.29. □

9.6. Invariance of representations for non-splitting systems. In this section
we prove rigidity theorems for the real representations R(K[x]) of non-splitting
division systems D. We will see that the non-splitting hypothesis is a strong one:
it implies that these representations are canonical. Our results here are the main
tools we will use in our classification of the commutative semigroups representable
in (LO,+) in Section 14.

Fix a set of division coefficients C, and also fix D = {Ak : k ∈ ω} a non-
terminating left, right, or rational division system on these coefficients. Let X(I[u])
and ZX(I[u]) ∼= R(K[x]) be the representations for A0 and ZA0 obtained above.

A priori, these representations are not invariants of the order type of A0: they
depend on the other orders Ak appearing in the system D, the particular convex
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embeddings fr used to embed these orders in A0, and the intervals Iu these maps
uncover.

The intervals Iu are obtained by iteratively decomposingA0 via the isomorphisms
in D (or more precisely, via the maps fr witnessing these isomorphisms), and taking
an intersection along a descending sequence of intervals {In}, the nth appearing at
the nth stage of the decomposition, and each isomorphic to some Ak.

Such a sequence is a D-branching (see Definition 6.13). In the case when the
system is non-splitting, this observation combined with Proposition 6.14 may be
used to show that the representations we obtain by this process, written in terms
of the intervals Iu, are canonical.

Define a condensation ∼d on the symbolic representation X(I[u]) by the rule

(u, i) ∼d (v, j) if u = v or u, v form a jump pair in X.

This condensation condenses each replacement order Iu in X(I[u]) back into a point,
as well as the intervals Iu + Iv corresponding to a replaced jump pair.

Let d denote the condensation map for ∼d, so that d(u, i) denotes the ∼d-class
of any given (u, i) ∈ X(I[u]).

We also write ∼d for the condensation defined on the representation ZX(I[u]) by
the same rule, as well as the corresponding condensation on the real representation
R(K[x]) (i.e. the relation obtained by pushing forward ∼d via σ). On R(K[x]), ∼d

is just the replacement condensation defined by

(x, k) ∼d (x′, l) if x = x′,

and the d-classes are just the replacement orders Kx.
The condensation ∼d is defined on the representations X(I[u]), ZX(I[u]), and

R(K[x]). A priori, to view ∼d as defined on the represented orders A0 and ZA0

requires fixing isomorphisms between the orders and these representations.
Recall the definition 6.10 of the condensation scheme ∼D associated to D. This

is a global condensation scheme on LO, invariant under convex embeddings, which
depends only on the order types of the orders Ak appearing in D. As before we
write δ for the condensation map of this condensation.

Theorem 9.31. Suppose D is a non-splitting system. Then ∼d coincides with ∼D
on each of the representations X(I[u]), ZX(I[u]), and R(K[x]).

Proof. Assume D is a left division system. The proofs for right systems and rational
systems are similar.

We prove the statement first for X(I[u]). From the proof of Theorem 9.5, for
each u ∈ X we have

Iu =
⋂
k∈ω

Au↾k.

When u ↾ k is a regular initial sequence of u we have

Au↾k
∼= A(u↾k)0 +A(u↾k)1 + · · ·+A(u↾k)(Nk−1) +A(u↾k)Nk0∼= Ak+1 +Ak+1 + · · ·+Ak+1 +Ak+2.

Let {kn} be the strictly increasing sequence of indices such that u ↾ kn is the nth
regular initial sequence of u. Let Iun = Au↾kn . Then {Iun} is clearly a D-branching.
Note that this branching is rightward when u ∈ [e0] ∪ [e1], leftward when u ∈ [0],
and middle exactly when u ̸∈ [e0] ∪ [e1] ∪ [0].
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Fix x ∈ X(I[u]). Then x ∈ Iu for a unique u ∈ X. We claim that the ∼D-class
of x coincides with its ∼d-class in X(I[u]), i.e. d(x) = δ(x).

If u ̸∈ [e0] ∪ [e1] ∪ [0], then u is not in a jump pair and Iu = d(x). It is also
the intersection of the middle branching {Iun}, which by Proposition 6.14 is the
∼D-class of x. That is, d(x) = δ(x) = Iu and we are done in this case.

If u ∈ [e0] ∪ [e1] and u < e0, then u is the left point of a jump pair u < v in X
with v ∈ [0]. Thus d(x) = Iu+ Iv. By Proposition 6.14, Iu is initial in δ(x), since it
is obtained as the intersection of the rightward branching {Iun}. Symmetrically Iv,
which is right adjacent to Iu, is obtained as the intersection of a leftward branching,
and hence final in the ∼D-class δ(y) of any y ∈ Iv.

Since Iu and Iv are adjacent, they must be intervals in the same ∼D-class C, as
otherwise there would exist two adjacent∼D-classes inX, contradicting Proposition
6.11.(iii.). It follows that C (in which Iu is initial and Iv is final) is Iu + Iv, i.e.
d(x) = δ(x) = C = Iu + Iv. Thus again, the ∼d and ∼D-classes of x coincide.

The argument is symmetric when u ∈ [0] and u > 0. It remains to check the
claim in the cases when u = 0 and u = e0. If u = 0, then Iu = d(x), and it is final
δ(x), being obtained as the intersection of a leftward branching. But then since Iu
is initial in X(I[u]), it must in fact coincide with δ(x). Thus we are done again in
this case, and the case when u = e0 is symmetric.

Since x was arbitrary, ∼d and ∼D coincide on X(I[u]), as desired. The proofs
for ZA0 and R(K[x]) are similar. □

Theorem 9.31 implies that every automorphism of R(K[x]) determines an auto-
morphism of R.

Proposition 9.32. Suppose D is a non-splitting system. For an automorphism

f : R(K[x]) → R(K[x]), define f̂ : R → R by the rule

f̂(x) = y ⇔ f [Kx] = Ky.

Then f̂ is an automorphism of R.

Proof. We first check that f is well-defined. Since f preserves ∼D by Proposition
6.12, f preserves ∼d by Theorem 9.31. That is,

f [d(x, k)] = d(f(x, k))

for any (x, k) ∈ R(K[x]). But d(x, k) = Kx and d(f(x, k)) = d(y, k′) = Ky where

(y, k′) = f(x, k), which shows there is y ∈ R such that f [Kx] = Ky. Thus f̂ is
well-defined.

It is now straightforward to see that f̂ is order-preserving (since f is order-
preserving and preserves∼d) and onto (since f is onto), and hence an automorphism
of R, as claimed. □

When D is non-splitting, we will continue to use the notation from Proposition

9.32 and write f̂ for the automorphism of R condensed from an automorphism
f : R(K[x]) → R(K[x]).

For a linear order A, we write Aut(A) = Aut(A,<) for the group (under com-
position) of automorphisms of A.

Proposition 9.33. Suppose D is a non-splitting system. The map

φ : Aut(R(K[x])) → Aut(R)
φ(f) = f̂
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is a group homomorphism with kernel

N = {f ∈ Aut(R(K[x]) : ∀x ∈ R, f [Kx] = Kx}.

Proof. Straightforward. □

For the next theorem, recall the archimedean comparability relation ∼conv from
Definition 4.25: A ∼conv B if 2A ⩽conv mB and 2B ⩽conv nA for some integers
n,m ≥ 1. The theorem says that any non-terminating system D′ on an initial order
A′

0 with A′
0 ∼conv A0 determines the same condensation as D.

Theorem 9.34. Suppose D′ = {A′
k} is a non-terminating division system (on some

set of division coefficients C′) with A′
0 ∼conv A0. Then ∼D and ∼D′ coincide (on

every linear order A).

Proof. Fix a linear order A, and suppose there exist points x < y in A such that
x ∼D y but x ̸∼D′ y. Then for some k we have A′

k ⩽conv [x, y].
By hypothesis we have 2A0 ⩽conv mA′

0 for some m ≥ 1. By iteratively splitting
terms using the isomorphisms from D′, we may write mA′

0 as a sum

mA′
0
∼=
∑
i<N

A′
ki

such that ki ≥ k for all i < N . Then A′
ki

⩽conv Ak for all i < N .
Now by iteratively splitting terms via the isomorphisms from D, we may find

M ≥ N such that 2A0 decomposes as an M -sum of terms Akj
from D:

2A0
∼=
∑
j<M

Akj
.

Then since M ≥ N and 2A0 ⩽conv mA′
0 we have∑

j<N

Akj ⩽init

∑
j<M

Akj ⩽conv

∑
i<N

A′
ki
.

By Corollary 4.5 we deduce Aki
⩽conv A′

ki
for some i < N . But then

Aki ⩽conv A′
ki

⩽conv A′
k ⩽conv [x, y],

contradicting x ∼D y.
A symmetric argument shows x ∼D′ y implies x ∼D y. Thus ∼D and ∼D′

coincide on A, as claimed. □

We note that Theorem 9.34 does not assume that D is non-splitting.
Suppose that A0 is a non-splitting order. Then any non-terminating division

system D with initial order A0 is non-splitting. Suppose we have two such systems
D and D′, and let R(K[x]) and R(K ′

[x]) denote the representations of ZA0 obtained

from D and D′, respectively. For the moment we identify these orders with ZA0,
and view each replacement order Kx from R(K[x]) and K ′

x from R(K ′
[x]) as intervals

in ZA0.
Taken together, Theorems 9.31 and 9.34 imply that these representations are

“the same” in the sense that the partitions of ZA0 into the intervals Kx and K ′
x

determined by these representations are the same. That is, for every x ∈ R there
is y ∈ R such that Kx = K ′

y. It will follow from our work below that since both
representations are normalized by representing A0 as a replacement of the unit
interval, we in fact have Kx = K ′

x for all x ∈ R.
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However, the groups G and G′ associated to D and D′ depend on the isomor-
phisms in these systems, and may differ, as may their associated orbit equivalence
relations EG and EG′ . We view R(K[x]) as being a replacement up to EG and
R(K ′

[x]) as being up to EG′ , so there is a sense in which these representations still

carry slightly different information.
In fact, since Kx = K ′

x for all x, both representations are up to EH , where H
is the group generated by G ∪G′, and may be up to a coarser equivalence relation
still, depending on whether there exist other translations of R not in H that induce
automorphisms of R(K[x]). Nonetheless, we will continue somewhat informally to
refer to “the” real representation ZA0

∼= R(K[x]) when A0 is non-splitting.

9.6.1. Length invariance in non-splitting systems. For this section, we assume again
that D is non-terminating and R(K[x]) ∼= ZA0 is the associated real representation.
Also as before, d is the condensation map for ∼d, and δ for ∼D. When D is non-
splitting, the two relations coincide on ZA0 (i.e. d = δ) by Theorem 9.31.

Definition 9.35. Given an interval I ⊆ R(K[x]), define ℓ(I) to be the length in R
of the condensed image d[I] of I under the replacement condensation map. We call
ℓ(I) the length of I in R(K[x]).

Since R is Dedekind complete, every closed and bounded interval in R is of the
form [a, b] for some a ≤ b in R. This observations leads to the following proposition,
which characterizes the forms of intervals in R(K[x]) in terms of their lengths.

Proposition 9.36. Suppose I ⊆ R(K[x]) is an interval.

i. ℓ(I) = 0 if and only if I ⊆ Ka for some a ∈ R;
ii. 0 < ℓ(I) < ∞ if and only if I is of the form

I ∼= R+ (a, b)(K[x]) + L

where R is final (and possibly empty) in Ka and L is initial (and possibly
empty) in Kb.

iii. ℓ(I) = ∞ if and only if I is of one of the following forms

I ∼= R+ (a,∞)(K[x])
I ∼= I ∼= (−∞, b)(K[x]) + L
I ∼= R(K[x])

for some a, b ∈ R and some (possibly empty) intervals R final Ka and L
initial in Kb.

Proof. Straightforward. □

In case (ii.) of Proposition 9.36 we have ℓ(I) = b− a.
As previously, let a0 = 1 and let {ak : k ∈ ω} be the positive real numbers

satisfying the equational versions of the isomorphisms in D. Let G = ⟨ak : k ∈ ω⟩
denote the group generated by the translations x 7→ x+ ak, viewed as a subgroup
of (R,+). Since D is non-terminating, G is dense in R.

The following definition of sufficiency for the real representation captures the
previous definitions when D is a division system of a specific type.

Definition 9.37. The representation R(K[x]) is sufficient if it is a replacement up
to EG, i.e., if Ka

∼= Ka′ for all a, a′ ∈ G.
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Lemma 9.38. If R(K[x]) is sufficient then any a ∈ G induces an automorphism of
R(K[x]) via the map

(x, k) 7→ (x+ a, φa
x(k))

where for each x ∈ R and a ∈ G, φa
x is a fixed isomorphism of Ka and Kx+a.

Proof. Clear. □

Lemma 9.39. Suppose R(K[x]) is sufficient and I, J ⊆ R(K[x]) are intervals. If
ℓ(I) < ℓ(J) then I ⩽conv J .

Proof. First assume 0 < ℓ(I) < ℓ(J) < ∞. By Proposition 9.36, we have

I ∼= R+ (a, b)(K[x]) + L
J ∼= R′ + (c, d)(K[x]) + L′

where R is final in Ka, L is initial in Kb, R
′ is final in Kc, L

′ is initial in Kd, and
b− a = ℓ(I) < ℓ(J) = d− c. In particular, we have

I ⩽conv [a, b](K[x]) and (c, d)(K[x]) ⩽conv J .

Since b− a < d− c and G is dense in R, there is x0 ∈ G such that

c < a+ x0 < b+ x0 < d.

Since the representation is sufficient, x 7→ x+x0 lifts to an automorphism of R(K[x]).
In particular, we have the chain

I ⩽conv [a, b](K[x]) ∼= [a+ x0, b+ x0](K[x]) ⊆ (c, d)(K[x]) ⩽conv J.

Hence I ⩽conv J , as claimed.
If 0 < ℓ(I) < ℓ(J) = ∞, a similar proof works.
Finally, if ℓ(I) = 0, then I ⊆ Kx for some x ∈ R. Then x + a is in the interior

of the condensed image d[J ] of J for some a ∈ G, by density of G. This implies
Kx+a ⊆ J and hence Kx ⩽conv J , yielding I ⩽conv J . □

Each term Ak from D is isomorphic to an interval of the form R+(0, ak)(K[x])+L
in R(K[x]) of length ak. It follows from Lemma 9.39 that if R(K[x]) is sufficient
and I ⊆ R(K[x]) is an interval with ℓ(I) > ak, then Ak ⩽conv I. Conversely, if
ℓ(I) < ak, then I ⩽conv Ak.

The next sequence of results are rigidity theorems for the representation R(K[x])
when D non-splitting. From a long view, they are consequences of the Splitting
Dichotomy Theorem 4.20. In particular, Proposition 9.40 below, which says that
for non-splitting D, length is an order type invariant for intervals I ⊆ R(K[x]),
implies Corollary 4.21 of the splitting dichotomy for the terms Ak, which says that
finite multiples nA of a non-splitting order A are pairwise distinct.

Proposition 9.40. Suppose D is non-splitting, R(K[x]) is sufficient, and I, J ⊆
R(K[x]) are intervals. If I ∼= J , then ℓ(I) = ℓ(J).

Proof. Suppose toward a contradiction we have I ∼= J but ℓ(I) < ℓ(J). We again
assume first that 0 < ℓ(I) and ℓ(J) < ∞.

By Proposition 9.36, I and J have the forms

I ∼= R+ (a, b)(K[x]) + L
J ∼= R′ + (c, d)(K[x]) + L′
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with b − a < d − c. By the proof of 9.39, sufficiency implies there is a translated
copy of I of the form R+ (a′, b′)(K[x]) + L with c < a′ < b′ < d. Replacing I with
this copy, we may assume a = a′ and b = b′.

Since I ∼= J there is an an isomorphism

(9.4) f : R′ + (c, d)(K[x]) + L′ → R+ (a, b)(K[x]) + L.

By Corollary 6.12, f sends ∼D-classes to ∼D-classes. As D is non-splitting,
by Theorem 9.31 these classes are precisely the replacement orders Kx and the
segments R,R′, L, L′ in the expression above. Since R′ is the initial ∼D-class in the
domain of f , it must map onto the initial class R in its image. Likewise f [L′] = L,
and it follows that f restricts to an isomorphism

f : (c, d)(K[x]) → (a, b)(K[x]).

Identify f with this restriction, and label (c, d)(K[x]) = [l, r] by its endcuts. Then
f is a convex self-embedding of [l, r] (i.e., compression) with an initial ω-orbital
Of (l) whose initial jump Al,f equals (c, a](K[x]).

Label this jump C = (c, a](K[x]). Then Of (l) ∼= ωC. Since ℓ(C) = a − c > 0,
there is k ∈ ω such that ak < ℓ(C). By Lemma 9.39, Ak ⩽conv C. Since every
non-empty final segment of ωC embeds a convex copy of C, it follows Ak convexly
embeds in every non-empty final segment of Of (l).

As Of (l) is bounded in R(K[x]) (specifically, it is bounded above by r which
belongs to the interval (a, b)(K[x])), we may find a non-empty final segment O′ of
Of (l) such that ℓ(O′) < ak+2. By Lemma 9.39, we have O′ ⩽conv Ak+2. With the
above, we get the chain

Ak ⩽conv O′ ⩽conv Ak+2,

which gives Ak ⩽conv Ak+2. Since 2Ak+2 ⩽conv Ak (by Lemma 6.5 when D is
one-sided and by definition when D is rational), this implies Ak+2 is splitting,
contradicting that D is non-splitting.

If 0 < ℓ(I) < ℓ(J) = ∞, then a similar argument works taking one or both of
c = −∞ and d = ∞.

f ℓ(I) = 0 < ℓ(J), then I ⊆ Kx for some x. Then any isomorphism between I
and J embeds a copy of some Ak into I. By splitting Ak into a sum of terms if
need be, we may assume this copy is bounded below by some p ∈ Kx and above by
some q ∈ Kx, contradicting p ∼D q. □

Definition 9.41. Suppose D is non-splitting, R(K[x]) is sufficient, and I ⩽conv

R(K[x]). Define ℓ(I) as ℓ(f [I]) for any fixed convex embedding f : I → R(K[x])

By Proposition 9.40, ℓ(I) is well-defined in Definition 9.41, as the value ℓ(f [I])
does not depend on the particular embedding f .

Proposition 9.42. Suppose D is non-splitting, R(K[x]) is sufficient, I ⩽conv

R(K[x]), and I ∼= I0 + I1. Then ℓ(I) = ℓ(I0) + ℓ(I1).

Proof. Label I = [l, r] by its endcuts, and let l < m < r be a cut decomposition
witnessing I ∼= I0 + I1. Fix a convex embedding f : I → R(K[x]). Then f(l) ∈ Ka,
f(m) ∈ Kb, and f(r) ∈ Kc for some a, b, c ∈ R with a ≤ b ≤ c. Then

ℓ(I) = ℓ(f [I]) = c− a = (c− b) + (b− a) = ℓ(f [I0]) + ℓ(f [I1]) = ℓ(I0) + ℓ(I1),

as claimed. □
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As before, we identify the additive group of real numbers (R,+) with the sub-
group of Aut(R, <) consisting of translations, and call subgroups of (R,+) groups
of translations.

An automorphism f ∈ Aut(R) is called irreducible if f has no fixed points.
Equivalently, f is irreducible if R consists of a single Z-orbital of f , i.e. Of (x) = R
for all points or cuts x ∈ R (excluding endcuts, which are fixed). The identity map
is also irreducible, by convention.

For the next two propositions, let φ denote the group homomorphism from
Lemma 9.33:

φ : Aut(R(K[x])) → Aut(R)
φ(f) = f̂ .

Both of the propositions below are rigidity theorems: they are each expressions
of the fact that for non-splitting systems D, automorphisms of R(K[x]) cannot
compress intervals (except infinitesimally).

Proposition 9.43. Suppose D is non-splitting and R(K[x]) is sufficient. Then for

every f ∈ Aut(R(K[x]), the condensed automorphism f̂ ∈ Aut(R) is irreducible.

Proof. Suppose f̂ is not irreducible. Then in particular f is not the identity. Let

c be a cut in R at which f̂ is not fixed. Then since f̂ is an automorphism, Of̂ (c)

is a Z-orbital, which must be bounded on at least one side in R since f̂ is not
irreducible.

Suppose without loss of generality Of̂ (c) is bounded on the right, and that f̂

is increasing on Of̂ (c). Let m denote the right endcut of Of̂ (c). Then [c,m] is

isomorphic to ωAc,f̂ .

Let l denote the length of the interval Ac,f̂ in R. Then there is some n such that

l is strictly greater than the length l′ of f̂n[Ac,f̂ ], as these lengths go to 0 (as f̂n(c)

approaches m).
Viewing c also as a cut in R(K[x]), we have

Ac,f = Ac,f̂ (K[x]).

Hence ℓ(Ac,f ) = l, and likewise ℓ(fn[Ac,f ]) = l′ < l. But Ac,f
∼= fn[Ac,f ], contra-

dicting Proposition 9.40. □

The Hölder-Conrad theorem (cf. [3, Chapter 3]) states that groups of irre-
ducible order-automorphisms are isomorphic to subgroups H ≤ (R,+). The fol-
lowing proposition is a rigidity theorem in the same spirit, deduced directly from
our arithmetic theory for (LO,+). The fact that the group H appearing in the
proposition is strict in (R,+) will feature in our classification of LO-representable
commutative semigroups in Section 14.

Proposition 9.44. Suppose D is non-splitting and R(K[x]) is sufficient. Let

H = φ[Aut(R(K[x])]

be the image of the homomorphism φ, so that H ∼= Aut(R(K[x])/ker(φ). Then H
is a strict subgroup of (R,+).

Proof. We first check that f̂ is a translation for every f ∈ Aut(R(K[x])). By

Lemma 9.43, f̂ is irreducible. If f̂ is the identity, we are done, so suppose f̂ is not
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the identity. Since R consists of a single Z-orbital of f̂ , f̂ is either increasing or
decreasing on R. Suppose without loss of generality it is increasing.

Suppose toward a contradiction that f̂ is not a translation. Then we can find

cuts c, c′ ∈ R and positive reals r, r′ ∈ R>0 such that f̂(c) = c+ r, f̂(c′) = c′ + r′,
and r < r′.

Since Of̂ (c) = Of̂ (c
′) = R there is a unique N ∈ Z such that

c′ ≤ f̂N (c) < f̂(c′) ≤ f̂N+1(c).

Let B̂′ = [c′, f̂N (c)] and Ĉ ′ = [f̂N (c), f̂(c′)]. Thus

[c′, f̂(c′)] = [c′, c′ + r′]

decomposes into the initial segment B̂′ and final segment Ĉ ′, and

[c, f̂(c)] = [c, c+ r]

decomposes into the initial segment Ĉ = f̂−N [Ĉ ′] and final segment B̂ = f̂−N+1[B̂′].

Since r′ < r, either the length of B̂′ is less than that of B̂ or the length of Ĉ ′ is
less than that of Ĉ. Suppose the former, and let B = B̂(K[x]) and B′ = B̂′(K[x])
be the corresponding intervals in R(K[x]). Then ℓ(B) > ℓ(B′) and also B ∼= B′ (as

witnessed by fN−1), contradicting Lemma 9.40. The case when the lengths of Ĉ ′

and Ĉ differ is similar.
Thus f̂ is a translation, and since f̂ was arbitrary, we have that H is a subgroup

of (R,+).
It follows that R(K[x]) is in fact a replacement up to the orbit equivalence relation

EH of H, i.e. Kx
∼= Kh(x) for all x ∈ R and h ∈ H: indeed, we have h = f̂ for

some f ∈ Aut(R(K[x]), and Kx
∼= f [Kx] = Kf̂(x) = Kh(x).

If H = (R,+), then this yields Kx
∼= Ky for every x, y ∈ R. Letting K be a fixed

order of the common order type of the orders Kx, we have R(K[x]) is (isomorphic
to) the lexicographic product RK. Moreover, A0 is of the form

R+ (0, 1)K + L,

for some R, L such that L+R ∼= K. But then

(9.5) A0
∼= R+ (0,

1

2
)K + L+R+ (

1

2
, 1)K + L.

Since the interval (0, 1
2 ) and ( 12 , 1) are each isomorphic to (0, 1) it follows (0, 1

2 )K

and ( 12 , 1)K are each isomorphic to (0, 1)K. Then the isomorphism 9.5 witnesses
A0

∼= A0 + A0, contradicting that A0 is non-splitting. Thus H is strict in (R,+),
as claimed. □

For most of the results of this section, we assume sufficiency of the representation
R(K[x]) as a hypothesis. However, in Section 12 we will need to prove the suffi-
ciency of the representation of a certain non-splitting system D by way of a length
invariance argument. In order to do this, in Proposition 9.46 below we establish
a weak version of Proposition 9.40 in which we do not assume sufficiency of the
representation, but assume instead that the intervals I and J satisfy I ⊆ J . In
order to adapt the proof, we first show the following weak analogue of Proposition
9.39, which again works in the absence of sufficiency.

Lemma 9.45. Let R(K[x]) be the real representation of D. Fix x ∈ R.
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i. For all ε > 0, there exists an integer k ≥ 0 such that

Ak ⩽conv [x, x+ ε](K[x]).

ii. For every integer k ≥ 0, there exists ε > 0 such that

[x, x+ ε](K[x]) ⩽conv Ak.

Proof. For (1.): Identifying Kx with the corresponding interval in the symbolic
representation ZA0, we have that Kx is either isomorphic to (if x ̸∈ [0]), or has a
final segment isomorphic to (if x ∈ [0]), some I(n,u) ∼= Iu obtained as an intersection
of the leftward branching

Au0 ⊇ Au0u1 ⊇ · · · ⊇ Au↾n ⊇ · · · .

Thus for any interval I ⊆ R(K[x]) extending Kx to the right, by the leftwardness
of the branching there exists k such that Au↾k ⊆ I. Passing to k+ 1 if need be, we
may assume u ↾ k is a regular node, and hence Au↾k

∼= Ak. Thus Ak ⩽conv I, and
(i.) follows.

For (ii.): Since the branching is leftward, Au↾k strictly extends Kx to the right.
There must exist some ε > 0 such that I = [x, x + ε](K[x]) ⊆ Au↾k. Thus I ⩽conv

Au↾k. We have that Au↾k is either isomorphic to Ak or Ak+1, depending on the
regularity of u ↾ k, but since Ak+1 ⩽conv Ak, in either case we have I ⩽conv Ak,
which gives (ii.). □

By symmetric arguments, the symmetrized versions of (i.), and (ii.), obtained
by replacing [x, x+ ε](K[x]) with [x− ε, x](K[x]), also hold.

Proposition 9.46. Suppose D is non-splitting and we have intervals I ⊆ J ⊆
R(K[x]) such that ℓ(I) < ℓ(J). Then I ̸∼= J .

Proof. Follow the proof of Proposition 9.40. Assume first as in that proof that I
and J have the forms

I ∼= R+ (a, b)(K[x]) + L
J ∼= R′ + (c, d)(K[x]) + L′.

Since I ⊆ J by assumption, we do not need to invoke the sufficiency of the
representation to get a translation sending I into J . Thus we have c ≤ a < b ≤ d.
Since ℓ(I) < ℓ(J), at least one of c < a and b < d holds. By symmetry we may
assume c < a. Since I ∼= J we have an isomorphism f : J → I as in the proof of
9.40; we follow the proof from there.

Now, instead of invoking Lemma 9.39 to get Ak ⩽conv C, observe that since
ℓ(C) > 0, C it contains an interval of the form [x, x+ ε](K[x]) for some ε > 0, and
hence convexly embeds some Ak by Lemma 9.45. Recall that C embeds in every
non-empty final segment of Of (l).

To get around the second use of Lemma 9.39, we argue as follows. Since the
orbital Of (l) is bounded in R(K[x]) and has positive length, it has the form R +
(y, x)(K[x]) + L by 9.36 for some y < x in R.

Choose ε > 0 sufficiently small so that x−ε > y and [x−ε, x](K[x]) ⩽conv Ak+2,
which is possible by the (symmetrized version of) Lemma 9.45. Since [x−ε, x](K[x])
contains a final segment of Of (l), and all final segments of Of (l) convexly embed
C and hence Ak, we have the chain

Ak ⩽conv [x− ε, x](K[x]) ⩽conv Ak+2,
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which implies that D is splitting, a contradiction. The cases when ℓ(I) = 0 and
ℓ(J) = ∞ can be handled by similar adaptations of the proof of 9.40. □

10. Generalizing Aronszajn’s representation theorem

In this section we use the results of Section 9 to deduce Aronszajn’s represen-
tation theorem from [1] for commuting pairs A + B ∼= B + A in LO, as well as
two generalizations. As with some of our other results, these generalizations are
one-sided versions of a previously established theorem.

This sidedness is reflected in differences in the proofs: whereas Aronszajn proved
his representation theorem using a natural automorphism of Z(A+B) induced by
the identity A + B ∼= B + A, our results rely on the division systems yielded by
the one-sided Euclidean algorithms from Section 5 for a division of B into A. As
discussed there, runs of such algorithms yield identities between the infinite discrete
products of A and B. However, they do not in general imply the existence of the
kind of automorphism used in Aronszajn’s proof.

Definition 10.1.

i. B left divides A if either ωB ⩽init A, or there is a left division system
{Ak

∼= NkAk+1 +Ak+2 : k < M} of some length M ≤ ω such that A0
∼= A

and A1
∼= B.

ii. B right divides A if either ω∗B ⩽fin A, or there is a right division system
{Ak

∼= Ak+2 +NkAk+1 : k < M} of some length M ≤ ω such that A0
∼= A

and A1
∼= B.

iii. B symmetrically divides A if either ωB ⩽init A and ω∗B ⩽fin A, or there
is a symmetric division system {Ak

∼= NkAk+1 + Ak+2 : k < M} of some
length M ≤ ω such that A0

∼= A and A1
∼= B.

In Definition 10.1, we say that B is a left divisor, right divisor, and symmetric
divisor of A, respectively.

As in Section 9, if G = ⟨1, a1⟩ is the group of translations of generated by
x 7→ x + 1 and x 7→ x + a1, we write EG for the orbit equivalence relation of G
and E±

G for the equivalence relation obtained from EG by splitting [0]EG
into its

forward and backward orbits, switching conventions for these orbits when we view
G as ⟨−1,−a1⟩ (i.e., when working with right division systems) as in Section 9.3.

Here are our one-sided generalizations of Aronszajn’s representation. In the
interest of generality, we state these theorems assuming the hypothesis of a one-
sided division system, but we have in mind the relations B + A ⩽init A + B and
B + A ⩽fin A+B (which imply the existence of corresponding one-sided division
systems) as the arithmetic hypotheses analogous to the hypothesis A+B ∼= B+A
in Aronszajn’s theorem.

Theorem 10.2. Suppose that B left divides A. One of the following holds:

i. B +A ∼= A.
ii. There are orders C andD and natural numbers n,m ≥ 1 such that A ∼= nC,

B ∼= mC +D, and D + C ∼= C.
iii. There are orders C and D and natural numbers n,m ≥ 1 such that A ∼=

nC +D, B ∼= mC, and D + C ∼= C.
iv. There is an irrational number a1 ∈ (0, 1), a replacement R(K[x]) up to

the equivalence relation E±
G from the group of translations G generated by
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x 7→ x− 1 and x 7→ x+ a1, and decompositions

K0
∼= L+R

Ka1
∼= L′ +R

such that
A ∼= R+ (0, 1)(K[x]) + L
B ∼= R+ (0, a1)(K[x]) + L′.

Proof. If ωB ⩽init A, then B +A ∼= A, i.e. (i.) holds. Otherwise, we have the left
division system {Ak : k < M}.

If M < ω, then by back substitution from the last isomorphism in the system
(see the discussion in Section 5.3), either (ii.) or (iii.) holds, depending on the
parity of M , with C = AM and D = AM+1 (which is possibly empty).

Finally, if M = ω, then (iv.) holds by Theorem 9.16. □

Theorem 10.3. Suppose that B right divides A. One of the following holds:

i. A+B ∼= A.
ii. There are orders C andD and natural numbers n,m ≥ 1 such that A ∼= nC,

B ∼= D +mC, and C +D ∼= C.
iii. There are orders C and D and natural numbers n,m ≥ 1 such that A ∼=

D + nC, B ∼= mC, and C +D ∼= C.
iv. There is an irrational number a1 ∈ (0, 1), a replacement R(K[x]) up to

the equivalence relation E±
G from the group of translations G generated by

x 7→ x+ 1 and x 7→ x− a1, and decompositions

K0
∼= L+R

K−a1
∼= L+R′

such that
A ∼= R+ (−1, 0)(K[x]) + L
B ∼= R′ + (−a1, 0)(K[x]) + L.

Proof. Symmetric. □

We conclude with a proof Aronszajn’s representation theorem, stated below in
a slightly reformulated way to fit the language of this paper. The proof here differs
from the original: in particular, it cases out on whether the division system in
question is splitting or non-splitting, so as to leverage the rigidity theorems from
Section 9.6.1.

Theorem 10.4. Suppose that B symmetrically divides A. One of the following
holds:

i. A+B ∼= B +A ∼= A.
ii. There is an order C and natural numbers n,m ≥ 1 such that A ∼= nC and

B ∼= mC.
iii. There is an irrational number a1 ∈ (0, 1), a replacement R(K[x]) up to the

orbit equivalence relation EG of the group of translations G generated by
x 7→ x+ 1 and x 7→ x+ a1, and a decomposition

K0
∼= L+R

Ka1
∼= L+R

such that
A ∼= R+ (0, 1)(K[x]) + L
B ∼= R+ (0, a1)(K[x]) + L.
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Proof. If ωB ⩽init A and ω∗B ⩽conv A then B + A ∼= A + B ∼= A, i.e. (i.) holds.
Otherwise, we have the symmetric division system {Ak : k < M}.

If M < ω we may assume the system terminates in a divisor. Then by back
substitution, we have (ii.) with C = AM .

So suppose M = ω. Consider first the case when the system is splitting. Then
by Proposition 6.9 we have A ∼= B. Thus

A+B ∼= B +A ∼= A+A ∼= A,

so we again have (i.).
Now suppose the system is non-splitting. Then we have (iii.) by Theorem

9.24. □

The resemblance between conditions (i.) and (ii.) in Theorem 10.4 and the
corresponding conditions in Tarski’s Conjecture 1.5 indicates a real connection.
Indeed, we will show in Section 11 below that A+B ∼= B + A holds if and only if
one of A and B symmetrically divides the other.

Thus Tarski’s Conjecture amounts to the assertion: one of A and B symmet-
rically divides the other if and only if (the symmetrized version of) condition (i.)
holds, or (ii.) holds. But there is a third possibility, namely condition (iii.), and
there exist examples of pairs satisfying condition (iii.) but neither (i.) nor (ii.), as
Lindenbaum showed; see Aronszajn’s discussion in [1].

11. Tarski’s conjecture

In this section we prove the revised version 1.6 of Tarski’s Conjecture 1.5, which
gives an arithmetic characterization of the additively commuting pairs A,B ∈ LO
(Theorem 11.2 below). That is to say, this characterization is written in terms of
(infinite) discrete sums of the orders A and B, and not in terms of replacements of
R like the representation theorems from Section 10. In the companion paper [4],
we show that this characterization holds in an arbitrary ordinal algebra.

We also prove the closely related “symmetrized” characterization stated first as
Theorem 7.9 (Theorem 11.1). Finally, we justify the discussion at the end of Section
10, by observing that A+B ∼= B+A if and only if one of A,B symmetrically divides
the other. All of the proofs follow quickly from our previous work.

Theorem 11.1. A+B ∼= B+A if and only if one of the following conditions holds:

i. ωA ⩽init ωB and ω∗A ⩽fin ω∗B;
ii. ωB ⩽init ωA and ω∗B ⩽fin ω∗A.

Proof. If either (i.) or (ii.) holds, then A+B ∼= B +A by Corollary 7.8.(iii.).
Conversely, suppose A+B ∼= B+A. Let (I; ρ, τ) be a symmetric setup witnessing

the isomorphism, and run the Euclidean algorithm on this setup. Assume first that
A is the dividend and B the divisor for this setup.

If the algorithm terminates at Stage 0 in an absorbed factor, then B + A ∼=
A + B ∼= A. This gives ωB ⩽init A and ω∗B ⩽fin A, which certainly implies
ωB ⩽init ωA and ω∗B ⩽fin ω∗A, i.e. (ii.) holds. Otherwise the algorithm yields a
symmetric division system {Ak} of some length M ≤ ω.

If M < ω, then we have ωA ∼= ωB and ω∗A ∼= ω∗B by the discussion in Section
5.5, which also implies (ii.).
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If M = ω, then the system {Ak} is non-terminating. If it is splitting, we have
A ∼= B by Proposition 6.9, which implies (ii.). If it is non-splitting, then we have
ωA ∼= ωB and ω∗A ∼= ω∗B by Proposition 9.25, which again gives (ii.).

Thus in all cases we have (ii.). If instead B is the dividend and A the divisor of
the setup, then in all cases we have (i.). □

Theorem 11.2. A+B ∼= B+A if and only if one of the following conditions holds:

i. A+B ∼= B +A ∼= A;
ii. A+B ∼= B +A ∼= B;
iii. ωA ∼= ωB and ω∗A ∼= ω∗B.

Proof. The proof Theorem 11.1 shows in fact that if A + B ∼= B + A, then one of
(i.), (ii.), or (iii.) holds.

Conversely, (i.) and (ii.) immediately imply A+B ∼= B+A. If (iii.) holds, then
A+B ∼= B +A follows from Corollary 7.8.(iii.). □

Theorem 11.3. A + B ∼= B + A if and only if one of A and B symmetrically
divides the other.

Proof. The proof of Theorem 11.1 shows that if A+B ∼= B+A, then either A+B ∼=
B +A ∼= A (in which case B symmetrically divides A), or B +A ∼= A+B ∼= B (so
A symmetrically divides B), or there is a symmetric division system with initial
terms A and B (in which case one of A and B symmetrically divides the other).

Conversely, suppose that B symmetrically divides A. Then either A + B ∼=
B + A ∼= A, or there is a symmetric division system with initial terms A0 = A
and A1 = B. In this second case, again by the proof of Theorem 11.1, we have
A+B ∼= B +A. And likewise, if instead A symmetrically divides B. □

12. Continuation and valuation

In this section we introduce and study several notions of archimedean dominance
in (LO,+), both one-sided and symmetric, as well as the corresponding notions of
archimedean equivalence. Building on the preceding work, we then investigate
the relationship between the symmetric notion and commutativity in (LO,+), and
show that it induces a global valuation on (LO,+) akin to valuations of ordered
groups and ordered fields in terms of their archimedean classes.

This valuation structure is reflected in our classification of the commutative
semigroups representable in (LO,+) in Section 14. It can be viewed as an abstract
generalization of McCleary’s archimedean structure theory for group actions G ↷
X by lattice-ordered groups G on linear orders X from [7].

12.1. Archimedean orderings on LO.

Definition 12.1. Define binary relations ≲init, ≲fin, and ≲conv on LO as follows:

i. A ≲init B if ωA ⩽init ωB.
ii. A ≲fin B if ω∗A ⩽fin ω∗B.
iii. A ≲conv B if ZA ⩽conv ZB.

Also define a binary relation ⪅ on LO by the rule:

A ⪅ B if A ≲init B and A ≲fin B.
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It follows from their definition that each of the relations ≲init, ≲fin, and ≲conv

are transitive on LO. Hence ⪅ is also transitive on LO.
Note that Theorem 11.1 says exactly that A + B ∼= B + A if and only if either

A ⪅ B or B ⪅ A.

Definition 12.2. If g : X → Y and f : X ′ → Y ′ are embeddings of linear orders,
the concatenation of g and f is the embedding g+ f : X +X ′ → Y + Y ′ satisfying
(g + f) ↾ X = g and (g + f) ↾ X ′ = f .

Observe that if g is a final embedding and f is an initial embedding, then g + f
is a convex embedding.

Suppose A ≲init B as witnessed by an initial embedding f : ωA → ωB, and
A ≲fin B as witnessed by a final embedding g : ω∗A → ω∗B. Then g+ f witnesses
A ≲conv B. Thus A ⪅ B implies A ≲conv B. (The converse is false in general.)

Definition 12.3. Identify ZA with ω∗A+ ωA and ZB with ω∗B + ωB. Define

ZA ⩽cent ZB
if there is a convex embedding F : ZA → ZB such that F = g + f for some final
embedding g : ω∗A → ω∗B and initial embedding f : ωA → ωB.

We call F a centered convex embedding of ZA into ZB.

We will write ZA ∼=cent ZB if there is a centered isomorphism of ZA and ZB,
i.e. an isomorphism F : ZA → ZB that can be decomposed as the concatenation
g + f of an isomorphism g : ω∗A → ω∗B and an isomorphism f : ωA → ωB.

Proposition 12.4. A ⪅ B if and only if ZA ⩽cent ZB.

Proof. From Definition 12.3 and the preceding discussion. □

The following proposition illustrates a sense in which the relations ≲⋆ may be
viewed as notions of archimedean dominance on LO.

Proposition 12.5. For ⋆ ∈ {init, fin, conv}, if A ≲⋆ B then for every n ∈ ω,
there exists m ∈ ω such that nA ⩽⋆ mB.

Proof. Clear. □

We will use the lemma below to refine the notions ≲init and ≲fin in the following
Proposition 12.7.

Lemma 12.6. Suppose that A and B are splitting.

i. If A ⩽init B and B ⩽init A, then ωA ∼= ωB.
ii. If A ⩽fin B and B ⩽fin A, then ω∗A ∼= ω∗B.
iii. If A ⩽conv B and B ⩽conv A, then ZA ∼= ZB.

Proof. For (i.): Since A ⩽init B and A is splitting we have 2A ⩽init B, and so
B ∼= 2A + X for some X. Hence 2B ∼= 2A + X + 2A + X, which gives B ∼=
2A+X + 2A+X, as B is splitting.

Obviously, A ⩽init A+X +A and A ⩽fin A+X +A. On the other hand, as

B ∼= 2A+X + 2A+X ∼= A+ (A+X +A) +A+X

we have A+X +A ⩽conv B. Thus

A+X +A ⩽conv B ⩽init A,

which gives A+X +A ⩽conv A. By 4.16, we deduce A ∼= A+X +A.
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Now observe

ωB ∼= B +B +B + · · ·
∼= 2A+X + 2A+X + · · ·
∼= A+ (A+X +A) + (A+X +A) + · · ·
∼= ωA,

as claimed. The proof for (ii.) is symmetric.
For (iii.): a similar argument works. We have A ⩽conv B and hence 2A ⩽conv B,

which gives B ∼= X + 2A+ Y for some X,Y . Thus

X +A+A+ Y +X +A+A+ Y ∼= 2B ∼= B ⩽conv A,

which by a similar argument to the above gives A ∼= A + Y +X + A. Now check
ZB ∼= Z(A+ Y +X +A), and we are done. □

The relations ≲init and ≲fin admit the following refinements.

Proposition 12.7. The following equivalences hold:

i. A ≲init B if and only if ωA ⩽init B or ωA ∼= ωB;
ii. A ≲fin B if and only if ω∗A ⩽fin B or ω∗A ∼= ω∗B.

Proof. For (i.): The backward direction is clear. For the forward direction, in ωB
fix a cut sequence

b0 < b1 < b2 < . . .

witnessing the decomposition

ωB ∼= B +B +B + · · ·

i.e., so that b0 is the left endcut of ωB and for i ≥ 1, bi is the cut at the ith + sign.
Also in ωB, fix a cut sequence

a0 = b0 < a1 < a2 < · · ·

witnessing ωA ⩽init ωB.
If ai < b1 for all i ∈ ω, then the cut sequence witnesses ωA ⩽init B. If instead

the sequence ai converges to the right endcut of ωB, then the sequence witnesses
ωA ∼= ωB.

Otherwise, there is an integer N ≥ 1 such that the right endcut c of the sequence
ai satisfies bN < c ≤ bN+1. Let M ≥ 1 be least such that bN ≤ aM . Then
since [b0, bN ] ∼= NB, [b0, bN+1] ∼= (N + 1)B, and [a0, aM ] ∼= MA, the sequence ai
witnesses

NB ⩽init MA ⩽init ωA ⩽init (N + 1)B.

By Corollary 4.8, ωA ⩽init (N+1)B implies ωA ⩽conv B. Since B ⩽conv NB ⩽conv

MA, we have ωA ⩽conv MA. Again by 4.8, this yields ωA ⩽conv A, and in
particular 2A ⩽conv A. Thus A is splitting.

We claim B is also splitting. Let Q = [c, bN+1] be the final segment of [bN , bN+1]
above ωA. Then we have

(N + 1)B ∼= [b0, bN+1] ∼= [b0, c] + [c, bN+1] ∼= ωA+Q.

On the other hand, the tail segment [aM , c] of ωA is also isomorphic to ωA, which
gives

[aM , bN+1] ∼= [aM , c] + [c, bN+1] ∼= ωA+Q ∼= (N + 1)B.
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Since [aM , bN+1] is final in [bN , bN+1] ∼= B, it follows (N +1)B ⩽fin B. Hence B is
splitting, as claimed. Now NB ⩽init MA ⩽init (N +1)B yields B ⩽init A ⩽init B,
so (i.) follows by Lemma 12.6, and the argument for (ii.) is symmetric. □

Since X + Y ∼= Y if and only if ωX ⩽init Y , and Y + X ∼= Y if and only if
ω∗X ⩽fin Y , Proposition 12.7 can be reformulated as follows.

Corollary 12.8. The following equivalences hold:

i. A ≲init B if and only if A+B ∼= B or ωA ∼= ωB;
ii. A ≲fin B if and only if B +A ∼= B or ω∗A ∼= ω∗B.

We may also get analogs of Proposition 12.7 and Corollary 12.8 for ⪅ by extend-
ing the notion of centered convex embedding.

Definition 12.9. Identify ZA with ω∗A+ ωA and 2B with B +B. Define

ZA ⩽cent 2B

if there is a convex embedding F : ZA → 2B such that F = g + f for some final
embedding g : ω∗A → B and initial embedding f : ωA → B.

We call F a centered convex embedding of ZA into 2B.

Proposition 12.10. The following are equivalent:

i. A ⪅ B;
ii. ZA ⩽cent 2B, or ZA ∼=cent ZB;
iii. A+B ∼= B +A ∼= B, or ωA ∼= ωB and ω∗A ∼= ω∗B.

Proof. Assume (i.). Then A ≲init B, and so ωA ⩽init B or ωA ∼= ωB by Proposi-
tion 12.7. Also A ≲fin B, and so either ω∗A ⩽fin B or ω∗A ∼= ω∗B.

If ωA ⩽init B as witnessed by f and ω∗A ⩽fin B as witnessed by g, then g + f
witnesses ZA ⩽cent 2B.

If ωA ∼= ωB as witnessed by f and ω∗A ∼= ω∗B as witnessed by g, then g + f
witnesses ZA ∼=cent ZB.

Suppose ωA ⩽init B and ω∗A ∼= ω∗B. The latter implies B ⩽fin mA for some
m ≥ 1. Then

ωA ⩽init B ⩽fin mA

which yields ωA ⩽conv mA, and hence ωA ⩽conv A by 4.8. Hence A is splitting.
Since ωA ⩽init B we have A ⩽init B. On the other hand, B ⩽fin mA ∼= A.

Thus A ∼= B by 4.15, which implies ZA ∼=cent ZB.
Symmetrically, if ωA ∼= ωB and ω∗A ⩽fin B, then ZA ∼=cent ZB.
Thus in all cases, either ZA ⩽cent 2B or ZA ∼=cent ZB holds, which concludes

the proof that (i.). implies (ii.).
The proofs the (ii.) implies (iii.) and (iii.) implies (i.) are straightforward. □

Definition 12.11. For ⋆ ∈ {init, fin, conv}, define
A ∼⋆ B if A ≲⋆ B and B ≲⋆ A.

Also define

A ≈ B if A ⪅ B and B ⪅ A.

Note that A ≈ B if and only if A ∼init B and A ∼fin B.
The relations ∼⋆ and ≈ are equivalence relations on LO. They may be viewed

as notions of archimedean equivalence.
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Proposition 12.12. For ⋆ ∈ {init, fin, conv}, if A ∼⋆ B then the following con-
ditions hold:

i. For every n ∈ ω, there is m ∈ ω such that nA ⩽⋆ mB;
ii. For every m′ ∈ ω, there is n′ ∈ ω such that m′B ⩽⋆ n′A.

Proof. Follows from Proposition 12.5. □

The relations ∼⋆ and ≈ may be cleanly characterized arithmetically in terms of
isomorphisms between infinite discrete products.

Proposition 12.13. The following equivalences hold:

i. A ∼init B if and only if ωA ∼= ωB;
ii. A ∼fin B if and only if ω∗A ∼= ω∗B;
iii. A ∼conv B if and only if ZA ∼= ZB;
iv. A ≈ B if and only if ZA ∼=cent ZB.

Proof. The backward implications are immediate from the definitions, so we prove
the forward ones.

For (i.): By Proposition 12.7, A ∼init B implies ωA ∼= ωB, or ωA ⩽init B and
ωB ⩽init A. In the first case we are done immediately.

In the second case, since

ωA ⩽init B ⩽init ωB ⩽init A,

we have that A is splitting. Symmetrically B is splitting, and clearly A ⩽init

B ⩽init A. Hence ωA ∼= ωB in this case as well, by Lemma 12.6.
The argument for (ii.) is symmetric, and (iv.) follows from (i.) and (ii.).
For (iii.): Fix a convex embedding f witnessing ZA ⩽conv ZB. If f is an

isomorphism, then we are done. Otherwise the image of ZA is bounded on at least
one side in ZB. Since the cut at this bounded side falls in some copy of B, it follows
that either ωA ⩽conv B or ω∗A ⩽conv B.

Since ZB ⩽conv ZA, we have that B ⩽conv mA for some m ≥ 1. Combining
with the above, we conclude ωA is convexly embeddable in some finite multiple of
A, and hence A is splitting. Hence B ⩽conv mA ∼= A.

Symmetrically, B is splitting and A ⩽conv B. Thus ZA ∼= ZB from Lemma
12.6.(iii.). □

For ⋆ ∈ {init, fin, conv} we define the strict relations �⋆ in the natural way:

A �⋆ B if A ≲⋆ B and A ̸∼⋆ B.

Likewise, A ⪉ B means A ⪅ B and A ̸≈ B.

Proposition 12.14. The following equivalences hold:

i. A �init B if and only if ωA ⩽init B and ωA ̸∼= ωB;
ii. A �fin B if and only if ω∗A ⩽fin B and ω∗A ≁= ω∗B;
iii. A ⪉ B if and only if ZA ⩽cent 2B and ZA ̸∼= ZB.

Proof. Immediate from Propositions 12.7 and 12.13. □

The situation when both of the conditions from Proposition 12.7 implying A ≲⋆

B for ⋆ ∈ {init, fin} hold at once can also be cleanly characterized arithmetically.

Proposition 12.15. The following equivalences hold:
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i. ωA ⩽init B and ωA ∼= ωB if and only if A and B are splitting and A ⩽init

B ⩽init A.
ii. ω∗A ⩽fin B and ω∗A ∼= ω∗B if and only if A and B are splitting and

A ⩽fin B ⩽fin A.
iii. ZA ⩽cent 2B and ZA ∼=cent ZB if and only if A and B are splitting and

A ∼= B.

Proof. For (i.): The forward direction is similar to previous arguments. For the
backward direction, by Lemma 12.6 it remains only to check that ωA ⩽init B.
Label A = [c, d] by its endcuts. Since A is splitting we may iteratively pick a cut
sequence witnessing the following sequence of decompositions:

A ∼= A+A
∼= A+ (A+A)
∼= A+ (A+ (A+A)))
...

i.e. a sequence a1 < a2 < . . . corresponding to the cuts at the + signs in the
above expression. Letting a denote the cut at the right of this sequence, we have
[c, a] ∼= ωA. Hence ωA ⩽init A. Since A ⩽init B, we are done.

A symmetric argument gives (ii.). And (iii.) follows from (i.) and (ii.) once we
observe that A ⩽init B (from (i.)) and B ⩽fin A (from (ii.)) imply A ∼= B. □

The following proposition says that for ⋆ ∈ {init, fin}, classes of ∼⋆-equivalent
orders are closed under sums.

Proposition 12.16.

i. If ωA ∼= ωB, then ωA ∼= ω(A+B);
ii. If ω∗A ∼= ω∗B, then ω∗A ∼= ω∗(B +A).

Proof. For (i.): Label ωA = [a0, c] by its endcuts. Choose a cut a1 > a0 such that
[a0, a1] ∼= A and [a1, c] ∼= ωA. Since ωA ∼= ωB, we may then choose a cut b1 > a1
such that [a1, b1] ∼= B and [b1, c] ∼= ωB; then a cut a2 > b1 such that [b1, a2] ∼= A
and [a2, c] ∼= ωA; and so on. Continuing in this way we obtain a cut sequence

a0 < a1 < b1 < a2 < b2 < . . .

witnessing ω(A + B) ⩽init ωA. If the sequence converges to c, then it witnesses
ω(A+B) ∼= ωA and we are done.

Otherwise, there is a tail of the sequence that witnesses ω(A+B) ⩽conv A. Since
both A ⩽conv A+B, we deduce A+B is splitting.

We claim in this case that A is also splitting. We first check that A ⩽init B+A.
Indeed, B + A is initial in ωA by Corollary 7.8, and since A is also initial in ωA,
one of A ⩽init B + A and B + A ⩽init A holds. In the second case, we must have
B +A ∼= A; hence B +A ⩽init A in this case as well.

Since A is initial in B +A, we have 2A ⩽init A+B +A ⩽init 2(A+B). Hence
2A ⩽init 2(A+B). On the other hand, ω(A+B) ⩽conv A implies 2(A+B) ⩽conv A.
Thus A and A+B satisfy the hypotheses of Lemma 4.24, so that A is splitting, as
claimed.

Clearly A ⩽init A+B. Since ω(A+B) is strictly initial in ωA, we have ω(A+
B) ⩽init mA ∼= A for some m. Thus Proposition 12.6 applies, and we get ωA ∼=
ω(A+B), as desired.

The proof for (ii.) is symmetric. □
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As noted above, Theorem 11.1 is exactly the statement that A ≈ B is equivalent
to A + B ∼= B + A. Collecting our work in this section, we have the following list
of arithmetic equivalences to A+B ∼= B +A.

Theorem 12.17. The following are equivalent:

i. A+B ∼= B +A;
ii. A ⪅ B or B ⪅ A;
iii. A+B ∼= B+A ∼= A, or A+B ∼= B+A ∼= B, or ωA ∼= ωB and ω∗A ∼= ω∗B;
iv. ZA ⩽cent ZB or ZB ⩽cent ZA;
v. ZA ⩽cent 2B, or ZB ⩽cent 2A, or ZA ∼=cent ZB;

Proof. (i.) ⇔ (ii.) is 11.1; (i.) ⇔ (iii.) is 11.2; (iv.) ⇔ (ii.) is given by 12.4; (i.)
⇔ (v.) given by 12.10. □

12.2. An archimedean valuation on LO. In preparation for our representability
results in Section 14, in this section we consider the map

A 7→ [A]≈

that associates to every A ∈ LO its ≈-class [A]≈ = {B ∈ LO : B ≈ A}. This
map may be viewed as a global valuation on LO analogous to the valuation on an
abelian orderable group G that associates to each g ∈ G the set of group elements
h ∈ G to which g is archimedean comparable. We will show that the values [B]≈
lying ⪅-below a fixed value [A]≈ are linearly ordered by ⪅.

A binary relation ≤ on a class K is a quasi-order if it is reflexive and transitive.
Given a quasi-order ≤ on K, the relation ≡ on K defined by a ≡ b if a ≤ b and
b ≤ a is an equivalence relation. We denote the ≡-class of a given a ∈ K by [a]≡,
or simply [a]. The relation induced by ≤ on the set of equivalence classes K/≡,
which we also denote by ≤, is a partial order on K/≡.

A quasi-order ≤ on K is a quasi-linear-order if ≤ is total, i.e. if a ≤ b or b ≤ a
for all a, b ∈ K; equivalently, if ≤ is a linear order on K/≡.

A quasi-order ≤ on K is a quasi-tree-order if for every a ∈ K, {b ∈ K : b ≤ a}
is quasi-linearly-ordered by ≤; equivalently, if {[b] ∈ K/≡ : [b] ≤ [a]} is linearly
ordered by ≤.

Theorem 12.18. The relations ≲init,≲fin, and ⪅ are quasi-tree-orders on LO.

Proof. Fix A ∈ LO, and suppose B ≲init A and C ≲init A. Then ωB ⩽init ωA and
ωC ⩽init ωA. It follows that either ωB ⩽init ωC or ωC ⩽init ωB, i.e. B ≲init C
or C ≲init B. Since B and C were arbitrary, ≲init is total below A. Since A was
arbitrary, ≲init is a quasi-tree-order on LO, as claimed.

The proof for ≲fin is symmetric.
Now suppose B ⪅ A and C ⪅ A. We want to show that one of B and C is ⪅

below the other.
Since B ≲init A and C ≲init A, one of B and C is ≲init below the other. Without

loss of generality, suppose C ≲init B, so that ωC ⩽init ωB.
Symmetrically, one of B and C is ≲fin below the other. If C ≲fin B then

C ⪅ B, and we are done.
So suppose B ≲fin C. Then ω∗B ⩽fin ω∗C. By Proposition 12.7, either

ω∗B = ω∗C or ω∗B ⩽fin C. The first case implies C ≲fin B, which again gives
C ⪅ B.
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So suppose ω∗B ⩽fin C. Since ωC ⩽init ωB gives that C embeds initially in
a finite multiple of B, it follows from ω∗B ⩽fin C that B is splitting. It follows
from these relations that B and C satisfy the hypotheses of Lemma 4.24, hence C
is splitting as well. Now it is clear that C ⩽init B and B ⩽fin C. Hence B ∼= C by
4.15, which gives C ⪅ B, and we are again done.

It follows ⪅ is a quasi-tree-order on LO, as claimed. □

13. Colorings of linear orders

In this section we define the concept of a colored linear order and introduce
some notation for handling such orders. Nearly all of the results in this paper
for uncolored linear orders hold for colored linear orders as well, and by the same
proofs, up to replacing every convex embedding by a colored one (see Definition
13.1 below). We will use a coloring in Section 14 to make a construction presented
there as transparent as possible. Afterwards, we describe how the coloring may be
dispensed with via a slightly more complicated construction.

Given a linear order X, a coloring of X is a function c such that dom(c) = X.
For each x ∈ X, c(x) is the color of x. A colored linear order is a pair (X, c) such
that X is a linear order and c is a coloring of X. When c is understood, we write
X instead of (X, c) for a colored linear order. The class of colored linear orders is
denoted cLO.

Given a linear order X and a collection {(Ix, cx) : x ∈ X} of colored linear
orders indexed by X, the colored replacement of X by the orders (Ix, cx) is the
replacement X(Ix) equipped with the coloring c defined by c(x, i) = cx(i).

As with uncolored orders, we use summation notation for colored replacements
of discrete orders. In particular, if X = (X, c) and Y = (Y, d) are colored orders,
then X + Y denotes the colored order (X + Y, e) where e is defined by the rule
e(z) = c(z) if z ∈ X and e(z) = d(z) if z ∈ Y .

Definition 13.1. A colored convex embedding between (X, c) and (Y, d) is a convex
embedding f : X → Y such that c(x) = d(f(x)) for all x ∈ X.

We write (X, c) ⩽conv (Y, d) if there exists a colored convex embedding between
X and Y .

We emphasize that colored convex embeddings f : (X, c) → (Y, d) are required
to be color-preserving, not merely color-class preserving. That is, they satisfy

c(x) = d(f(x))

which is stronger than the condition

c(x) = c(x′) ⇔ d(f(x)) = d(f(x′)).

When X and Y are understood to carry colorings, we similarly copy the no-
tation X ⩽init Y , X ⩽fin Y , and X ∼= Y from the uncolored setting to mean
that there exists a colored initial embedding, colored final embedding, and colored
isomorphism from X to Y , respectively.

We will need the following rigidity result for the construction in Section 14 below.
It says that if G is a group of translations of R and we color each point in R by its
orbit equivalence class under the action by G, then colored intervals I ⊆ R cannot
be compressed by colored convex self-embeddings of R.
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Theorem 13.2. Fix a strict subgroup G ⊊ (R,+). Let G act on R by translations,
and let EG denote the orbit equivalence relation of this action.

Define a coloring c of R by the rule c(x) = [x]EG
. View R as equipped with this

coloring.
Suppose I ⊆ R is an interval and f : I → R is a colored convex-embedding.

Then f is the restriction to I of some translation in G. That is, there is t ∈ G such
that for all x ∈ I, f(x) = x+ t.

Proof. Fix x0 ∈ I and let t = f(x0) − x0. Then t ∈ G since f is a colored
convex embedding of I. Suppose there is x1 ∈ I such that f(x1) − x1 ̸= t. Let
t′ = f(x1)− x1.

We assume that x0 < x1 and t < t′; the other cases are handled similarly. Let
g(x) = f(x) − x. Since f is continuous (as it is increasing and onto an interval),
g is continuous as well. Thus for every r ∈ [t, t′] there is z ∈ [x0, x1] such that
g(z) = r. Since G is a strict subgroup of (R,+), its complement R \G is dense in
R. In particular, there is r0 ∈ [t, t′] such that r0 ̸∈ G. Fix z0 ∈ [x0, x1] such that
g(z0) = r0. Then f(z0) = z0 + r0 and we have

c(z0) = [z0]EG
̸= [z0 + r0]EG

= [f(z0)]EG
= c(f(z0)),

a contradiction, as f is color-preserving. □

14. Representing commutative semigroups in (LO,+)

In this section we characterize the commutative semigroups representable in
(LO,+); see Theorem 14.14 below.

14.1. Value semigroups.

Definition 14.1. A semigroup (S,⊕) is representable in (LO,+) if there is a map
ι : S → LO such that for all a, b ∈ S:

i.) a ̸= b implies ι(a) ≁= ι(b),
ii.) ι(a⊕ b) ∼= ι(a) + ι(b).

The map ι is a representation of S in LO.

A class K ⊆ LO is a class of order types if it is closed under isomorphism.

Definition 14.2. A class of order types K represents a semigroup (S,⊕) if there
is a representation ι : S → K such that each X ∈ K is isomorphic to ι(s) for some
s ∈ S.

Equivalently, K represents S if K is the closure in LO of the image of the
representation ι under isomorphism; equivalently, if the induced map ι : S → K/∼=
is bijective; equivalently, if ι is a semigroup isomorphism of (S,⊕) and (K/∼=,+).

The trivial semigroup is the semigroup on one element. Observe that a class K
represents the trivial semigroup if and only ifK is the order type of a splitting linear
order, i.e. if there is A ∈ LO such that A ∼= A+A and K = {B ∈ LO : B ∼= A}.

Let R>0 = (R>0,+) denote the additive semigroup of positive real numbers.

Definition 14.3. Suppose S is a subsemigroup of (R>0,+).

i. S is strict if S ̸= R>0.
ii. S is a halfgroup if −S ∪{0}∪S is a subgroup of (R,+), where −S = {−x :

x ∈ S}.
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Thus S is a strict halfgroup if it is the (strictly) positive cone of a strict subgroup
of (R,+). More generally, a semigroup S is said to be a strict halfgroup if it is
isomorphic to a strict halfgroup S′ of R>0.

For A ∈ LO, observe that the ≈-class [A]≈ is a class of order types.

Lemma 14.4. [A]≈ is closed under +.

Proof. Given B,C ∈ [A]≈, we have ωA ∼= ωB ∼= ωC and ω∗A ∼= ω∗B ∼= ω∗C by
Proposition 12.13. Hence ω(B + C) ∼= ωB ∼= ωA and ω∗(B + C) ∼= ω∗B ∼= ω∗A by
Proposition 12.16. Thus B + C ≈ A, i.e. B + C ∈ [A]≈. The lemma follows. □

Theorem 14.5. Fix A ∈ LO.

i. If A is non-splitting, then [A]≈ represents a strict halfgroup S ⊆ R>0;
ii. If A is splitting, then [A]≈ represents the trivial semigroup.

Proof. Suppose first that A is splitting. To prove (ii.) it suffices to check that
[A]≈ = [A]∼=, i.e. B ≈ A if and only if B ∼= A.

The backward direction is immediate, so suppose B ≈ A. Then Proposition
12.13 gives that ωA ∼= ωB and ω∗A ∼= ω∗B. From these isomorphisms it follows
that any finite multiple nA of A is initial and final in some finite multiple mB of
B, and vice versa. Hence A and B satisfy the hypotheses of Lemma 4.24, and so
B is splitting. Now we have that A is initial and final in some mB ∼= B, and B is
initial and final in some nA ∼= A. Hence A ∼= B by 4.15, which finishes the proof
for (ii.).

Now suppose A is non-splitting. There are two cases to consider. First, suppose
there is a non-terminating division system D with A = A0 that is either symmetric
or rational. Since A is non-splitting, D is non-splitting. We have the associated
representations:

ZA ∼= R(K[x])
A ∼= R+ (0, 1)(K[x]) + L

K0
∼= L+R.

These representations are sufficient, since D is either symmetric or rational.
Expanding:

R(K[x]) ∼= · · ·+K−1 + (−1, 0)(K[x]) +K0 + (0, 1)(K[x]) +K1 + · · ·
∼= · · ·+R+ (−1, 0)(K[x]) + L+R+ (0, 1)(K[x]) + L+ · · ·
∼= · · ·+A+A+ · · ·
∼= ZA.

Let c denote the cut at the central + sign between in K0 = L+R.
By Propositions 9.43 and 9.44, for each automorphism f of R(K[x]), the con-

densed automorphism f̂ of R is a translation.

Let G = {f̂ : f ∈ Aut(R(K[x])} be the group of these translations. Viewing G
as a subgroup of (R,+), let S = {s ∈ G : s > 0} be the corresponding halfgroup.
We are going to show that [A]≈ represents S.

Suppose s ∈ S and f ∈ Aut(R(K[x]) is a representative, i.e. f̂ = s. Let
Bf = [c, f(c)]. We have

Bf
∼= R′ + (0, s)(K[x]) + L′

Where R′ is the final segment of K0 after the cut c, and L′ is the initial segment of
Ks preceding f(c). Then R′ = R. And since L′ is the image under f of the initial
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segment of K0 preceding c, we have L′ ∼= L. Thus

Bf
∼= R+ (0, s)(K[x]) + L.

Note that the expression on the right depends only on s. Thus for any other

g ∈ Aut(R(K[s]) with ĝ = f̂ = s, we have

Bg
∼= Bf

∼= R+ (0, s)(K[x]) + L.

Let d denote the cut at the right of R(K[x]). The final segment [c, d](K[x]) ∼= ωA
of R(K[x]) decomposes as

[c, d](K[x]) ∼= [c, f(c)] + [f(c), f2(c)] + · · ·
∼= ωBf .

Symmetrically, we have ω∗Bf
∼= ω∗A. Hence Bf ≈ A.

Combining these observations shows that the rule

(14.1) s 7→ [Bf ]∼=

that associates to each s ∈ S, the isomorphism class [Bf ]∼= of any automorphism f

with f̂ = s, is a well-defined map from S into the class [A]≈/∼= of order types [B]∼=
of orders B ≈ A.

If f̂ = s < s′ = f̂ ′, then ℓ(Bf ) = s < s′ = ℓ(Bf ′). Hence Bf ̸∼= Bf ′ by
Proposition 9.40. Thus the map 14.1 is injective.

To show it is surjective, fix B ≈ A. Let F : ZB → ZA be an embedding of
ZB into ZA that is centered at c. Such an embedding exists by Proposition 12.13.
Identify ZB with its image, and let f be the automorphism of ZB that sends each
copy of B onto the copy to its right.

Then in particular [c, f(c)] ∼= B. Since ZB ∼= ZA ∼= R(K[x]) we may identify

f with an automorphism of R(K[x]) whose condensed form f̂ is increasing and

irreducible on R. Hence f̂ = s ∈ S, and clearly Bf
∼= B. Thus the map 14.1 is

surjective.
Finally, we show the rule 14.1 is a semigroup isomorphism of S with the class

of types [A]≈/∼= under the ordered sum. Fix s = f̂ and t = ĝ in S, and fix h such

that ĥ = s+ t. Then by above

Bh
∼= R+ (0, s+ t)(K[x]) + L
∼= R+ (0, s)(K[x]) +Ks + (s, s+ t)(K[x]) + L
∼= R+ (0, s)(K[x]) + L+R+ (s, s+ t)(K[x]) + L
∼= R+ (0, s)(K[x]) + L+R+ (0, t)(K[x]) + L
∼= Bf +Bg,

where the isomorphisms Ks
∼= K0

∼= L+R and

R+ (s, s+ t)(K[x]) + L ∼= R+ (0, t)(K[x]) + L

follow from the fact that s ∈ S. Thus the rule 14.1 respects the semigroup op-
erations of + (R sum) on S and + (ordered sum) on [A]≈/∼=, and hence is an
isomorphism of S with [A]≈/∼=. It follows [A]≈ represents S.

It remains to consider the case when there is no symmetric or rational non-
terminating system D on A. We check in this case that [A]≈ represents the discrete
halfgroup Z>0.

We claim that there is a linear order C ≈ A such that for every A′ ≈ A we have
A′ ∼= nC for some n ∈ Z>0 (i.e. every element of [A]≈ is isomorphic to a finite
multiple of C).
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If this is true with C = A, we are done. Otherwise, there is B ≈ A that is not a
multiple of A. Fix a symmetric division setup witnessing A+B ∼= B + A and run
the Euclidean algorithm.

This algorithm must terminate since there is no non-terminating symmetric sys-
tem on A. It cannot terminate at the 0th stage in an absorbed factor, as this would
give that A and B are splitting by Proposition 12.15, contradicting our hypothesis.
Thus it terminates at some finite stage, and we may assume since the setup was
symmetric that it terminates in a divisor C. We have A ∼= nC and B ∼= mC.
Notice that we must have n > 1, since by assumption B is not a finite multiple of
A. Notice C ≈ A.

If every A′ ≈ A is a finite multiple of C, then we are done. Otherwise, write
C = A1, n = n1 and find B ≈ A1 ≈ A that is not a multiple of A1. Run the
algorithm on a symmetric setup witnessing A1 +B ∼= B +A1 to get C and n2 > 1
such that A1

∼= n2C. And continue.
If this process does not terminate, then we obtain a sequence

A ∼= n1A1

A1
∼= n2A2

A2
∼= n3A3

...

which yields a non-terminating rational system on A. Hence this process must
terminate, and thus yield the desired C.

Since C is non-splitting the map

n 7→ nC

clearly witnesses that [A]≈ represents Z>0. We are done. □

14.2. Representing replacement semigroups.

Definition 14.6. Suppose that X is a linear order and {(Sx,⊕x) : x ∈ X} is a
collection of semigroups indexed by X. The replacement semigroup X(Sx) is the
semigroup with underlying set {(x, s) : x ∈ X, s ∈ Sx} and semigroup operation ⊕
defined by:

(x, s)⊕ (y, t) =

 (x, s) x > y
(y, t) x < y
(x, s⊕x t) x = y.

Notice that if Sx is commutative for every x ∈ X, then X(Sx) is commutative.

Definition 14.7. A semigroup (S,⊕) is an LO semigroup if S is isomorphic to
a replacement semigroup X(Sx) such that for every x ∈ X, either Sx is a strict
halfgroup of R>0, or Sx is trivial.

A commutative semigroup (S,⊕) is called naturally totally ordered if the non-
strict partial ordering relation ≤ defined by the rule

s ≤ t if s = t or there is r ∈ S such that s⊕ r = t

is total, i.e. a (non-strict) linear ordering of S. Naturally totally ordered semigroups
were defined by Clifford in [2]. LO semigroups are easily seen to be naturally totally
ordered.

The representation theorem 14.14 asserts that the commutative semigroups rep-
resentable in (LO,+) are precisely the subsemigroups of LO semigroups. We first
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establish the backward direction of the theorem. Since subsemigroups of repre-
sentable semigroups are representable, it suffices to show that an arbitrary LO semi-
group X(Sx) may be represented in (LO,+). The proof is via a Hahn-embedding-
theorem-type construction, which we now describe.

14.2.1. A Hahn construction for representing LO semigroups. Suppose that X is a
linear order, and for every x ∈ X we are given a linear order Ax with distinguished
element 0x.

Let
∏

x∈X Ax denote the X-indexed cartesian product of the orders Ax, i.e. the
set of all functions u : X →

⋃
x Ax satisfying u(x) ∈ Ax. If there is a linear order

A such that Ax = A for all x ∈ X, then
∏

x Ax = AX .
For u ∈

∏
x Ax, the support of u is {x ∈ X : u(x) ̸= 0x}, denoted spt(u).

Definition 14.8. Define

(Ax)
X = {u ∈

∏
x

Ax : spt(u) is well-ordered (as a suborder of X)}.

We call (Ax)
X the X-power of the orders {Ax}.

If u, v ∈ (Ax)
X , then {x ∈ X : u(x) ̸= v(x)} is a subset of spt(u) ∪ spt(v) and

hence is also well-ordered. Thus the relation <lex on (Ax)
X , defined by

u <lex v when x0 is least in {x ∈ X : u(x) ̸= v(x)} and u(x0) < v(x0)

is well-defined and total. It is straightforward to check that in fact <lex linearly
orders (Ax)

X . We view (Ax)
X as equipped with this ordering. If X is well-ordered,

then (Ax)
X =

∏
x∈X Ax equipped with the usual lexicographical ordering.

We will view an element u ∈ (Ax)
X as a generalized sequence, think of u(x) as

the xth entry of u, and denote it by ux.
In the same spirit, we may also consider initial sequences of elements u ∈ (Ax)

X

and the intervals they determine.
Suppose (I, J) is a cut in X. Given r ∈ (Ax)

I (where the index variable x in
this expression is understood to now range over I) and u ∈ (Ax)

J , we write ru for
the function with domain X satisfying ru ↾ I = r and ru ↾ J = u. Observe that
ru ∈ (Ax)

X .
Conversely, any v ∈ (Ax)

X is decomposed uniquely as ru for some r ∈ (Ax)
I

and u ∈ (Ax)
J . Said another way, for any cut (I, J) in X, (Ax)

X is isomorphic to
(Ax)

I × (Ax)
J with its usual 2-fold lexicographical ordering.

Given r ∈ (Ax)
I , define

((Ax)
X)r = {v ∈ (Ax)

X : v = ru for some u ∈ (Ax)
J},

i.e. ((Ax)
X)r is the set of elements in (Ax)

X that have r as an initial sequence.
Observe that ((Ax)

X)r is convex in (Ax)
X .

For S a strict halfgroup of R>0, we write ES for the orbit equivalence relation
on R of the corresponding group G = −S ∪ {0} ∪ S, i.e. the relation defined by
the rule xESy if y = x± s for some s ∈ S ∪ {0}. We write ER for the equivalence
relation on R with a single equivalence class, i.e. the relation defined by the rule
xERy for all x, y ∈ R.

For the remainder of this section, let S = X(Sx) be a fixed LO semigroup.
For every x ∈ X such that Sx is a strict halfgroup, by replacing Sx with a

rescaled isomorphic copy if necessary, we may assume 1 ∈ Sx.
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To show that X(Sx) can be represented in (LO,+), we first construct a linear
order Z by modifying the (Ax)

X construction. The orders I(x,s) ∈ LO that will
represent the elements (x, s) ∈ X(Sx) in our representation theorem will appear as
a ⪅-chain of intervals in Z.

Given x ∈ X, if Sx is a strict halfgroup, let Ex denote ESx
; if Sx is trivial, let

Ex = ER. Define

Ax = [0]Ex =

{
−S ∪ {0} ∪ S if Sx a strict halfgroup;
R if Sx trivial,

and let 0x = 0 (i.e., the distinguished element 0x of every Ax is the 0 of R). Since
1 ∈ Sx whenever Sx is a strict halfgroup, we have 1 ∈ Ax for every x ∈ X.

Let Y = (Ax)
X∗

. Notice here that we are taking the power over the reverse X∗

of X.
Label X∗ = [c, d] by its endcuts. For a given y ∈ X∗ and initial sequence

r ∈ (Ax)
[c,y), the interval Yr decomposes as the set of intervals {Yra : a ∈ [0]Ey}.

These intervals are lexicographically ordered in order type [0]Ey .
To construct the order Z from Y , for every such r we insert points between the

intervals Yra corresponding to points in R\Ax, and then color these points in a way
that will allow us to show that the orders I(x,s) and I(y,t) defined below, representing
the points (x, s) and (y, t) in X(Sx), are non-isomorphic whenever (x, s) ̸= (y, t).

More precisely, define

T = {r : r is a function with dom(r) = [c, y] for some y ∈ X∗,
r ↾ [c, y) ∈ (Ax)

[c,y),
r(y) ∈ R \Ax}.

Equip T with a coloring c such that for all r, r′ ∈ T we have:

i. if dom(r) ̸= dom(r′) then c(r) ̸= c(r′);
ii. if dom(r) = dom(r′) = [c, y], then c(r) = c(r′) if and only if r(y)ESy

r′(y).

We may define such a c explicitly by letting c(r) be the ordered pair (y, [r(y)]ESy
)

whenever dom(r) = [c, y].
Let Z = Y ∪ T . Observe that any pair of sequences u, v ∈ Z have a coordi-

nate of least difference, and moreover the lexicographic ordering on Z extends the
lexicographic ordering on Y and linearly orders Z.

We extend the coloring c from T to Z by coloring every point in Y black, where
black is a color different from the colors assigned to points in T . For I an initial
segment of X∗ and r ∈ (Ax)

I , let Tr denote the set of u ∈ T such that I is initial
in dom(u) and u ↾ I = r. Let Zr denote Yr ∪ Tr.

Given y ∈ X∗ and an initial sequence r ∈ (Ax)
[c,y), the interval Zr decomposes

as the set of intervals {Zra : a ∈ Ay}, which are lexicographically ordered in order
type [0]Ey = Ay, and the set of points {rb : b ∈ R \ Ay} which are interspersed
between the intervals Zra in order type R \ [0]Ey :

Zr = {Zra : a ∈ Ay} ∪ {rb : b ∈ R \Ay}.
We may also explicitly describe the elements of Zr as sequences.

Lemma 14.9. Fix y ∈ X∗ and r ∈ (Ax)
[c,y). The elements of Zr have exactly one

of the following forms:

i. rb, where b ∈ R \Ay;

ii. ramb, where a ∈ Ay, m ∈ (Ax)
(y,y′) for some y′ > y in X∗, and b ∈ R\Ay′ ;



THE ADDITIVE ARITHMETIC OF LINEAR ORDERS 91

iii. rau, where a ∈ Ay and u ∈ (Ax)
(y,d].

Proof. Sequences in Tr have exactly one of the forms (i.) and (ii.), and sequences
in Yr have form (iii.). □

If Sy is trivial, then R \ Ay = ∅. Thus only when Sy is a strict halfgroup are
there are elements in Zr of form (i.).

Let 0 denote the identically zero X∗-sequence. For I an interval in X∗, we write

0
I
for the identically zero sequence in (Ax)

I . For a given y ∈ X∗ and s ∈ Ay, we
write

0
[c,y)

s0
(y,d]

for the sequence with s in the yth coordinate and 0s elsewhere. Note that all such
sequences belong to (Ax)

X∗
= Y , and hence also to Z.

We may now define the orders I(y,s) that appear in our representation. They are

all half-open intervals in Z of the form [0, u).

Definition 14.10. Given (y, s) ∈ X(Sx), define an interval I(y,s) of Z as follows:

i. if Sy is a strict halfgroup, let I(y,s) = [0, 0
[c,y)

s0
(y,d]

);

ii. if Sy = {s} is trivial, let I(y,s) = [0, 0
[c,y)

10
(y,d]

).

Note that these intervals are well-defined. This is clear in case (ii.). In case (i.),
observe we have Sy ⊆ Ay = [0]Ey

, and for every s ∈ Sy, we have s > 0. Thus

0
[c,y)

s0
(y,d] ∈ Y ⊆ Z and 0

[c,y)
s0

(y,d]
> 0.

Theorem 14.11 below says that if the semigroups Sx are nontrivial for densely
many x ∈ X, then 14.10 defines a representation of X(Sx) in the class of colored
linear orders. After we prove it, we give another argument showing the density
hypothesis can be dispensed with.

Theorem 14.11. Suppose that

{x ∈ X : Sx is a strict halfgroup}
is dense in X.

Define ι : X(Sx) → cLO by ι(y, s) = I(y,s). Then ι is a representation of X(Sx)
in cLO.

Proof. We begin with two lemmas.

Lemma 0. Fix y ∈ X∗ and r ∈ (Ax)
[c,y). Also fix s ∈ [0]Ey

= Ay with s > 0.
Using the description of sequences given in Lemma 14.9, define a map Zr → Zr by
the rules

rb 7→ r(b+ s)
ramb 7→ r(a+ s)mb
rau 7→ r(a+ s)u.

Then this map is a colored automorphism of Zr.

Proof. In words, the lemma asserts that translation by s in the yth coordinate
induces a colored automorphism of Zr.

The set of entries in the yth coordinate of elements of Zr is R. Since s ∈ [0]Ey
,

the sequences r(b + s) and r(a + s)mb are in Tr if and only if rb and rsmb are in
Tr; and r(a+ s)u is in Yr if and only if rau is in Yr. Hence the map is well-defined.
Since translation by s is an order-automorphism of R, it follows the map is an
order-automorphism of Zr.
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Moreover, it is color-preserving: we have c(rau) = c(r(a + s)u) since both se-
quences belong to Y ; c(ramb) = c(r(a+ s)mb) since both sequences have the same
domain and same final coordinate; and, in the case when Sy is nontrivial and there
is something to check, we have c(rb) = c(r(b + s)), since both sequences have the
same domain and bEy(b+ s). The lemma is proved. □

Lemma 1. Fix y ∈ X∗ and r ∈ (Ax)
[c,y). Suppose Sy is trivial. Define a map

Zr → Zr by the rules

ramb 7→ r(2a)mb
rau 7→ r(2a)u.

Then this map is a colored automorphism of Zr.

Proof. Since a 7→ 2a defines an order-automorphism of R = ESy
, the map is an

order-automorphism of Zr. It is clearly color-preserving. □

The remainder of the proof splits into four claims.
In all of these claims and their proofs, the symbol ∼= indicates not only isomor-

phism but color-isomorphism. Likewise, ⩽init and ⩽fin indicate a colored initial
embedding and colored final embedding.

Claim A. If y < z in X, so that z < y in X∗, then for any s ∈ Sy and t ∈ Sz we
have

I(y,s) + I(z,t) ∼= I(z,t) + I(y,s) ∼= I(z,t).

Proof. We show ωI(y,s) ⩽init I(z,t) and ω∗I(y,s) ⩽fin I(z,t).

Let r = 0
[c,y)

. Label Zr = [p, q] by its endcuts. We have Zr
∼= [p, 0) + [0, q].

Notice I(x,s) = [0, rs0
(y,d]

) is initial in the final segment [0, q] of Zr. For k ∈ Z,
define

Ik = [r(ks)0
(y,d]

, r((k + 1)s)0
(y,d]

).

Thus I0 = I(y,s). Since the left endpoints of these intervals traverse Zr, we have
the decompositions:

Zr
∼= · · ·+ I−1 + I0 + I1 + I2 + · · · ;

[0, q] ∼= I0 + I1 + I2 + · · · ;
[p, 0) ∼= · · ·+ I−2 + I−1.
Observe that the automorphism of Zr that we get from Lemma 0 (defined with

respect to the s from (y, s)) maps each Ik onto Ik+1. Thus Ik ∼= I0 ∼= I(y,s) for all
k ∈ Z, and we have:

[0, q] ∼= ωI(y,s);
[p, 0) ∼= ω∗I(y,s).

Now let r′ = 0
[c,z)

. Label Zr′ = [p′, q′] by its endcuts.

Observe that I(z,t) = [0, r′t0
(z,d]

) is initial in [0, q′] and [0, q] is initial in I(z,t),
which gives ωI(y,s) ⩽init I(z,t).

For k ∈ Z, define

I ′k = [r′(kt)0
(z,d]

, r′((k + 1)t)0
(z,d]

).

Then I0 = I(z,t). Observe [p, 0) ∼= ω∗I(y,s) is final in I ′−1. Now the map on Zr′ from
Lemma 0 (defined with respect to t from (z, t)) witnesses I ′−1

∼= I ′0. Thus we have
ω∗I(y,s) ⩽fin I(z,t), which completes the proof of the claim. □
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Claim B. Given y ∈ X such that Sy is nontrivial, for any s, t ∈ Sy we have

I(y,s) + I(y,t) ∼= I(y,s+t).

Proof. By cutting I(y,s+t) at the right endpoint 0
[c,y)

s0
(y,d]

of I(y,s), we have the
decomposition

I(y,s+t)
∼= I(y,s) + [0

[c,y)
s0

(y,d]
, 0

[c,y)
(s+ t)0

(y,d]
)

Translating by s in the yth coordinate (using Lemma 0) sends I(y,t) onto the
interval to the right of the + sign in the expression above. Thus

I(y,s+t)
∼= I(y,s) + I(y,t)

as claimed. □

Claim C. Given y ∈ X, if Sy = {s} is trivial, then

I(y,s) + I(y,s) ∼= I(y,s).

Proof. Using Lemma 1 to multiply by 2 in the yth coordinate witnesses that

I(y,s) = [0, 0
[c,y)

10
(y,d]

) ∼= [0, 0
[c,y)

20
(y,d]

).

By inspection we have

[0, 0
[c,y)

20
(y,d]

) ∼= I(y,s) + [0
[c,y)

10
(y,d]

, 0
[c,y)

20
(y,d]

).

Translation by 1 witnesses that the interval on the right is isomorphic to I(y,s).
Combining the above then yields

I(y,s) ∼= [0, 0
[c,y)

20
(y,d]

) ∼= I(y,s) + I(y,s),

as claimed. □

Claim D. If (y, s) and (z, t) are distinct elements of X(Sx), then I(y,s) ̸∼= I(z,t).

Proof. Since (y, s) ̸= (z, t), we have that either y ̸= z, or y = z and s ̸= t.
Suppose first y ̸= z. Without loss of generality, we may assume y < z in X,

so that z < y in X∗. Since strict halfgroups appear densely often among the
semigroups Sx, there is some z′ ∈ X∗ with z ≤ z′ < y such that Sz′ is a strict
halfgroup.

Choose b ∈ R \ Az′ with b > 0. Then rb ∈ Zr where r = 0
[c,z′)

. Observe that if
z < z′ (in X∗), then Zr ⊆ I(z,t) and hence rb ∈ I(z,t). If z = z′, then we make sure
to choose b so that rb ∈ I(z,t), i.e. so that 0 < b < t, which is possible since R \Az′

is dense in R by the strictness of Sz′ .

We have I(y,s) ⊆ Zr′ ⊆ I(z,t), where r′ = 0
[c,y)

. Observe that since dom(rb) =
[c, z′] is shorter domain than the domain of any element of Zr′ , its color c(rb) is
different from the color of any element in Zr′ . In particular there is no point in
I(y,s) of color c(rb). Hence there is no color isomorphism between I(y,s) and I(z,t),
as claimed.

Now suppose y = z and s ̸= t. Then we must have that Sy = Sz is nontrivial,
i.e. a strict halfgroup.

Without loss of generality, suppose s < t. Let r = 0
[c,y)

.
Suppose toward a contradiction there is a colored isomorphism f : I(y,t) → I(y,s).

Since the color assigned to a given rb with b ∈ R \ Ay is distinct from the color
of all points belonging to one of the intervals Zra with a ∈ Ay, and between any
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two such intervals such a point appears, we must have that f maps each such point
rb ∈ I(y,t) to a corresponding point in I(y,s), and each such interval Zra ⊆ I(y,t)
onto a corresponding interval in I(y,s).

That is, for all 0 < b < t with b ̸∈ Ay there is 0 < b′ < s with b′ ̸∈ Ay such that
f(rb) = f(rb′), and for all 0 < a < t with a ∈ Ay, there is 0 < a′ < s with a ∈ Ay

such that f [Zra] = Zra′ .
Condense each such Zra to a black point. After condensing, observe that the

intervals I(y,t) = [0, 0
[c,y)

t0
(y,d)

) and I(y,s) = [0, 0
[c,y)

s0
(y,d)

) are isomorphic to the R
intervals [0, t) and [0, s) respectively. Identify I(y,t) with [0, t) and I(y,s) with [0, s),
colored in the same way. Then [0, t) and [0, s) are colored by the orbit equivalence
relation EG as in Theorem 13.2, where G = −Sy ∪ {0} ∪ Sy, and f is a colored
isomorphism of these intervals. But f is not a translation, since f(0) = 0 and
f(t) = s < t, contradicting Theorem 13.2.

It follows I(y,s) ̸∼= I(z,t). □

The conjunction of Claims (A.), (B.), (C.), and (D.) gives that ι is a represen-
tation of X(Sx) in cLO. □

Corollary 14.12 shows that we can remove the density hypothesis from Theorem
14.11.

Corollary 14.12. Suppose that X(Sx) is an LO semigroup. Then X(Sx) is rep-
resentable in cLO.

Proof. We pass to a larger LO semigroup satisfying the density hypothesis from
Theorem 14.11.

Consider the lexicographic product XQ = {(x, q) : x ∈ X, q ∈ Q} obtained by
replacing every point in X with a copy of the rationals. Identify X with the set of
pairs (x, 0) ∈ XQ. By the density of Q, for any x < x′ in X there is y ∈ XQ \X
with x < y < x′.

For each x ∈ X, let S′
x = Sx. For x ∈ XQ \ X, let S′

x be some fixed strict
halfgroup of R>0. Then XQ(S′

x) is an LO semigroup satisfying the hypothesis
of Theorem 14.11. Hence XQ(S′

x) is representable in cLO. Since X(Sx) is a
subsemigroup of XQ(S′

x), it follows X(Sx) is representable in cLO. □

The proof of Theorem 14.13 below shows that the representation of X(Sx) in
cLO from 14.11 may be adapted to get a representation in LO.

Theorem 14.13. Suppose X(Sx) is an LO semigroup. Then X(Sx) is repre-
sentable in LO.

Proof. By the proof of Corollary 14.12, we may assume X is dense without end-
points, and X(Sx) satisfies the hypothesis of Theorem 14.11.

We encode the coloring c of the order Z constructed above in an uncolored
replacement of Z. Then we show that the corresponding replacements of the orders
I(y,s) give an uncolored representation of X(Sx).

Enumerate the colors {ci : i < κ} that appear in Z (i.e. {ci} enumerates the
outputs of c). Let ℵi denote the ith infinite cardinal number. For each i < κ, fix a
linear order Ki that is ℵi-dense, that is, an order Ki with the property that for any
k < k′ in Ki, the interval [k, k

′] has cardinality ℵi. Then any non-singleton interval
I ⊆ Ki is also ℵi dense. Consequently, if i ̸= j there is no convex embedding of I
into Kj .
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Let Z ′ be the order obtained by replacing every point u ∈ Z such that c(u) = ci
by Ki. That is, Z

′ = Z(K[u]) is the replacement up to the equivalence relation on
Z determined by the color classes of c satisfying Ku = Ki whenever c(u) = ci. We
view the orders Ki as uncolored, and Z ′ as uncolored as well.

If I is an interval in Z, then any colored convex embedding f : I → Z deter-
mines a convex embedding of the restricted replacement I(K[u]) into Z ′, namely
the embedding defined by the rule

(u, k) 7→ (f(u), k).

This map is well-defined since c(u) = c(f(u)) and hence Ku = Kf(u).
Conversely, suppose that I(K[u]) is a replaced interval in Z ′ and F : I(K[u]) → Z ′

is a convex embedding whose image is also a replaced interval I ′(K[u]). We claim
that for every u ∈ I, the image F [Ku] is Kv for some v ∈ Z with c(u) = c(v). That
is, F condenses to a colored isomorphism f : I → I ′, defined by f(u) = v whenever
F [Ku] = Kv.

To prove the claim, we first note that from our assumptions on X it is not
difficult to check that Z is densely ordered, and T is dense in Z. It follows that for
any u < v in Z and color ci, there is w in Z with u < w < v and c(w) ̸= ci.

Fix u ∈ I, and suppose c(u) = ci. Consider F [Ku]. If this image intersects
two distinct replacement factors Kv < Kv′ , then it contains Kw for some w with
v < w < v′ and c(w) ̸= ci. Since Kw ⩽conv F [Ku], we have Kw ⩽conv Ku,
contradicting the difference in these intervals’ densities.

Thus Ku ⊆ Kv for some v ∈ Z. If the containment is strict, then the image
F−1(Kv) of Kv under the inverse embedding F−1 intersects both Ku and Ku′ for
some u′ ̸= u in I, and we get the same contradiction. The claim follows.

For each (y, s) ∈ X(Sx), let I
′
(y,s) = I(y,s)(K[u]) be the restriction of the replace-

ment Z ′ = Z(K[u]) to I(y,s).
Let Claims (a.), (b.), (c.), and (d.) be the statements obtained from Claims (A.),

(B.), (C.), and (D.) by replacing the orders I(y,s) and I(z,t) in their statements by
I ′(y,s) and I ′(z,t). Then we may prove Claims (a.), (b.), (c.) using the same proofs

for (A.), (B.), and (C.), substituting each interval I ⊆ Z that appears in these
proofs by its replaced version I ′ = I(K[u]), and each convex embedding f on such
an interval I by its lift to I ′.

We may also prove Claim (d.): by the claim we just showed above, if we were
able to find an isomorphism F : I ′(y,s) → I ′(z,t), then the corresponding condensed

isomorphism f would be a color-isomorphism of I(y,s) and I(z,t), contradicting Claim
(D.).

It follows from Claims (a.), (b.), (c.), and (d.) that the rule

(y, s) 7→ I ′(y,s)

defines an uncolored representation of X(Sx), i.e. a representation of X(Sx) in
LO. □

14.3. The representation theorem.

Theorem 14.14. A commutative semigroup (S,⊕) is representable in (LO,+) if
and only if S is isomorphic to a subgroup of an LO semigroup.

Proof. Since subsemigroups of representable semigroups are representable, the back-
ward direction of the theorem is given by Theorem 14.13.
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For the forward direction, suppose S is a commutative semigroup and there is a
representation ι : S → LO.

For simplicity of notation, for the remainder of the proof we view LO as the
class of linear order types LO/∼=, and identify each linear order A with its order
type [A]∼=. Under this identification, (LO,+) is a class semigroup.

Then ι is a semigroup isomorphism of S with its image. Identify S with its
image, so that (S,+) is a semigroup of order types.

For each A ∈ S, we write [A] for [A]≈ ∩ S, i.e.

[A] = {B ∈ S : B ≈ A}.

Since + is commutative on S, ⪅ is total on S. That is, ⪅ quasi-linearly orders
S, and linearly orders X = {[A] : A ∈ S}.

For each x ∈ X, define Sx = x. Then Sx = [A] for some A ∈ S. Equip each
Sx with the semigroup operation ⊕x = +. Note that since S is closed under +, by
Lemma 14.4 each Sx is closed under + as well.

Consider the replacement semigroup X(Sx) defined by this setup, and let ⊞
denote its semigroup operation as defined in 14.6. Observe that X(Sx) consists of
all pairs of the form ([A], A) for A ∈ S.

Consider the map F : S → X(Sx) defined by the rule F (A) = ([A], A). By the
above discussion, F is clearly injective and surjective. Further, for any A,B ∈ S
we have

F (A+B) = ([A+B], A+B) =

 ([A], A) if [B] ⪉ [A]
([B], B) if [A] ⪉ [B]
([A], A+B) if [A] = [B].

The expression on the right equals ([A], A) ⊞ ([B], B). Thus F is a semigroup
isomorphism.

Observe that each semigroup Sx = [A] = {B : B ∈ [A]≈∩S} is a subsemigroup of
the semigroup S′

x = [A]≈. Thus X(Sx) is a subsemigroup of X(S′
x). By Theorem

14.5, each S′
x is either a copy of the trivial semigroup, or isomorphic to a strict

halfgroup of R>0. Thus X(S′
x) is an LO semigroup, and we are done. □
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